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TO 



GREENLEAF'S NEW ELEMENTARY 



ALGEBRA. 



DEFINITIONS AND NOTATION. 

SIGNS. 
Examples, page 9. 



2. Ans. 14. 

4. Ans. 10. 

T. Ans. 44 — 5 = 39. 

9. Ans. 120 -5- 12 = 10. 



11. Ans. 108 — 6 = 102. 

12. Ans. 16 > 12. 

13. Ans. 4 < 6. 



ALGEBRAIC EXPRESSIONS. 
Examples, pp. 16, 16. 



4. 


Ans, 


x + 2y — z. 


8. 




A 4a 


9. 




Ans. — ^. 
ab 


11. 




Ans. 2 « + ". 
' c 



13. 



Ans. 



a* — J* 



15. Ans. ^,_^ +2c. 

IT. Ans. ^ a I y 

21. . Ans. ^Vlc — Vx. 



4 KEY TO ELEMENTABY ALGEBRA. 

INTERPRETATION OF ALGEBRAIC EXPRESSIONS 

Examples, pp. IT, 18. 

1. 12 4-3 — 2 + 4=11. 

2. 36 + 2 — 4 = 34. 

3.' 48 — 15 + 8 — 28 = 13. Ans. 13. 

4. (12 — 3) X(2 + 4) = 9 X 6 = 64. . 

6. 81 X 2 + 4 = 162 + 4 = 166. 

6. H + 45 = 3 + 45 = 48. ' 

T. 4 X 16 — ^ = 60 — 3 = 67. Ans. 67. 

8. 4 X 9 — 6 X 4 = 36 — 20 = 16. 

9. 2 X 144 X 2 — ?^ + ^ = 676 — 72 + 3 = 507. 

10. iHL|±ixlii^^ 

11. (H + 12) X (3 — 2)— 4=13 X 1 — 4 = 9. 

12. 266 — 256 + 12 — 6 = 6. Ans. 6. 

13. 262 + 1 X 1 = 263. 

14. 60 — 7x4 = 60 — 28 = 32. 

16. 4 X 4 + 8 X 12 — 112=16 + 96 — 112=0. 

Ans. 0. 

16. \/T6+\/r00— \/8i=4 + 10 — 9 = 6. ^ 

17. 12 \/26 — 24 + V48 + 16 = 12 + 8 = 20. 

18. \/8T _ >^8 + VT= 9 — 2 + 2 = 9. 

19. 10 + 8 \/l6"— 2 '^— 10 + 32 — 4 = 38. 



DEFEHITIOMS AKB.NOTATIOI^ 



ALGEBRAIC PROCESSES. 
(Abt. 46, pp. 20-21J.) 

2. Let X = number of cents spent, 
and 2x = number of cents left. 

Then 3 a; = 45 cents, the whole nmnber, 
and xz=l5 cents, the number spent. 

3. Let X = number of apples each has. 
Then 2 a: = 66 apples, the whole number, 
and a; = 28 apples, the number each has. 

Ans.*28 apples. 

4. Let X = length of part left standing, 
and 3 a: = length of part broken oflF. 
Then 4 a: = 60 feet, the whole length, 

a; = 15 feet, the part left standing, 
and 3 a: = 45 feet, the part broken off. 

5. Let X = the less number, 
and 5 a: = the greater number. 
Then 6 ar = 126, their sum, 

X = 21, the less number, 
and 5 a? = 105, the greater number. 

6. Let X = value of the chaise, 
and 3 a: == value of the horse. 

Then 4 a: = 340 dollars, the value of both, 

a: = 85 dollars, the value of the chaise, 
and 3. a; = 255 dollars, the value of the horse. 

*l. Let X = A's share, 
and 4 a; = B's share. 
Then 5 a: = 2500 dollars, the whole sum, 

X = 500 dollars, A's share, 
and 4 a; = 2000 dollars, B's share. 
1# 



6 KET TO ELIJpNTABY AL6EBBA. 

9. Let X = A's share, 
2 a: = B's share, 
and 2 a: = C's share. 
Then 6 aj = 300 dollars, the whole sum, 
a: = 60 dollars, A's share, 
2 a: = 120 dollars, B's share, 
• and 2 X = 120 dollars, O's share. 

10. Let X = priee of the apples, 

2 X = price of the pears, 
and 4 a; = price of the oranges. 
Then T ar = 63 cents, th^ sum paid for the whole, 
• • a: = 9 cents, the price of the apples, 
2 a: = 18 cents, the price of the pears, 
and 4 a; = 36 cents, the price of the oranges. 
Ans. Apples, 9 cts. ; pears, 18 cts. ; and oranges, 36 cts. 

11. Let a: = A'sage, 

2x=z B's age, 
and 3 a: = C's age. 

Then 6 a: = 18 years, the sum of their ages, 
a; = 13 years, A's age, 

2 ar = 26 years, B's age, 
and 3 a? = 39 years, O's age. 

12. Let X = price of the sheep, 

T a: = price of the cow, 
and 28 a: = price of the horse. 
Then 36 ar = 180 dollars, the amount received for all, 
a? = 6 dollars, the price of the sheep, 

T a? = 35 dollars, the price of the cow, 
and 28 a? = 140 dollars, the price of the horse. 

18. Let X = the first number, 

4 a? = the second number, 
and 2 a; = the third number. 



ADDITlftNi 7 

Then *l x = 350, their sum, 

X = 50, the first number, 
4 a: = 200, the second number, 
and 2 ar = 100, the third number. 

14, Let X = distance tr&veled the first day, 

3 a: = distance traveled the second day, 
and 2x=: distance traveled the third day. 
Then 6 a: = 84 miles, the whole distance, 

a? = 14 miles, distance traveled the first day, 

3 a? = 42 miles, dist. traveled the second day, 
and 2 a; = 28 miles, dist. traveled the third day. 

16. Let X = sum contributed by A, 

4 a: = sum contributed by B, 
and 3 a: = sum contributed by 0. 
Then 8 a: = 600 dollars, the whole sum, 

a: = 76 dollars, sum contributed by A, 
4 a? = 300 dollars, sum contributed by B, 
and 3 a; = 226 dollars, sum contributed by G. 



ADDITION. 

(Art. 49, pp. 23-25.) 



7. 


Ans. — 21 > 


tx. 


9. 


Ans. 11 a-{- 5 b. 


8. 


AnB. It m n*. 


10. 


Ana. 12 c" <f— 5 o»c. 




(13.) 






(14.) 




2x-\- 3y 






T a" — b 




x+ 8y 






Sa'— 3 b 




3x+ y 






6a»— 2b 




6a;+ 2y 






2 a'— b 




«+ *y 






ia'— 6 J 




4a!+ 9 






a«— 4J 



IT a: + 19 y 23 a^ — 11 b 



KEY TO ELEMENTABY ALGEBRA. 

(Art. 50, pp. 26-2T.) 
4. Ans. 24 a x, 6. Ans. x* — b x^, 

0) (8.) 

a— b 6crf«+Yo=ft 

Ta — 2ft 9c<f«— lOo^ft 

— 3a4-3ft — 4crf«+ a«6 

— ^ « + * -rcrf^— 7a«ft 



— 4a+ h 



(Abt. 51, pp. 2t, 28.) 

(6.) (6.) 

_a5^— crf« 3aj — Ty + 2af 

_oja-|- cd^ — a: + 4y + 62f 

-j- cd^ — Zah — 2y — 32f + a 

6a5^+'«^* 4a:— y + 3« 



Ans. 3aJ24-2cd«— 3a5 6a: — Cy + S^ + a 

a.) (8.) 

— 6aa: + 25y— T a:«+ aa^+ 5a:+ 2 

3fty4-18 — 4« 3a:« — 4aa:« -f" '7 — 65a:y 

4ax— hy— 9 3a:»— •3oar»— ?fta;— 19 

3aa:-2fty + 26 lrx»_6a«^— 65a:-10-6 Ja:y 
2aa: + 2fty + 28— 4« 

(9.) . 
8a«a:« — 3aa: 

*l ax — 6 xy 
— 6 a a: -j- 9 a:y — 5^0* 
2 a* ar» + « y 



10 a^a:^— ax^bxy — l^tfi 





EDITION. 




(Aet. 52, pp. 28, 29.) 


(2.) 


(3.) (4.) 


5(o + «) 


3 (a:* — a) iV a — x 


6 (a 4- a:) 


2(a!» — a) 3Va — a; 


8(« + «) 


_(x»_o) _tVa— X 


3ia + x) 


6(ar' — a) 2Va — x 


(a + x) 


(x* — a) V a — X 


23 (a + x) 


AnB. ll(x* — a) BVa — x 


(5.) 


(6.) 


?y-4(a 
6y + 2(a 

2y+ (« 
y-3(fl 

16 y — 4 (a 


; + *) 2(x-y)« 
; + J) 3(x-y)« 

+ *) («-y)' 

, + J) _(,._y)«+ (« + y) 




5(«-y)' + 2(«+y) 




(Am. 53, pp. 29, 30.) 


(2.) 


(3.) (4.) 




bx Zay (a-\-h)x 


■ a 


bx —"Cy (a — e) it 


2 


-'May i<ia^b-c\x 


(5 _}- a 4 + 2 , 


(!) X (p. — c)y 


(5.) 


(6.) 


(a + 5) a; a x -{- i 

2 car ca; + rf 




^'^ ra + c)x + 6 + i 



(a + ft + 2c + 2)a: 
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KEY TO ELEMENTAB'? ALGEBRA. 



a.) 

a X -^ *I m 

lax — 3 m 

h X -{^ 4:m 



(8.) 



c a^ — dx 



(8 a + &) a: + 8 »» 



(a + c)x^+(b — d)x 



SUBTRACTION. 
(Art. 54, pp. 30-34.) 



10. Ans. 

11. Ans. 

(22.) 
a + h 
— o 


11 y. 12. Ans. 3 a ar". 
9 a. 13.Ana— 16a:*y. 

(23.) (24.) 
a-\-h a — I 
a — J a-\-l 


19. Ans. 0. 
21. Ans. —Ibd. 

(25.) 
> a— b 
— a+ b 


2a + b 

(26.) 
5xif 
8xtf — 3 


2b —21 

(27.) (2^8.) 
a-\-b-\- e x 
a — b — e a^+J 


• 2a — 2J 

(29.) 
X +5 
r y — 2 


2a:y + 3 

(32.) 

2:>^ — y> 
— 2a? — f^ 


26+2c — y x, — y-\-1 

. (35.) (36.) 
5a:y + 2a:«4-2a 6 o 5 aj^- 12 — 3 a;y 
3a:y — a? — la Zabx — 7 


4a^ 2xy + 3a:»+9a 3 a Jar + 19 — 3 xy 

(3T.) (38.) 
as^ — hs^-\-ex 3o_|_J_[_c — d 

-\- hx' + cx—nd Za + b —18" 


a3? — ^hx' 


+ 12rf 


c-.d-\-\% 



SUBTRACTION. 11 

(39.f (40.) 

6 a: — h 3 a (a — y) + 4 5y+ c? 

— 2xy-\- h 2a{a — y)—'lhy-\-4tcP 

bx-^2xy — 2h a(a — y) + 115y— 3a« 

(41.) (42.) 

cPJ^ZV^c^al^ — ahe — 6a — 4 5— 12c+12x 

-j-aJ2_a5c + »» 8a + 4J— be— 2x 



a34-35«c — ft2 _l4a — 86— Tc + 14x 

(43.) 
3a6-f2^— c — 36c + 4J» 



_a5_ ja_3c_|_45c_4^__«5_3c + 46c — 6J3 

(Art. 55, pp. ?4, 36.) 

6._6a3 — 5 — 4a^ — 5^ = — 10a« — 6 — 6^. 
9. Ans. 14 a» — 5^ + c^ 



■ (Abt. 
ay + Jy 

cy + iy 


56, 


P- 


36.) 

(5.) 
ax — h 
■ ex — d 


(a — c)y 
(6.) 

ay — 5y + cy 
«y — 6y+ y 


(a — c)x — b + d 

a) 

c x^ — ex 



(c — l)y (o — c)a^+(J + c).« 



12 EET TO ELEMENXART ALGEBRA. 

(8.) 

c x^ — dxy + « a: — z 

(a— c) 01? -{- (m-^-d) xy -{- {n — e) a: + * + ^ 



MULTIPLICATION. 

(Art. C2, pp. 38-40.) 

1:. Ans. 4ar». I 9. Ans. 12 ah. 

8. Ans. — 34 a 6. I 10. Ans. — 28 5 c. 

(Art. 63, pp> 41, 42.) 

6. Ans. Ya' + 4ariy + a3x«. 

6. Ans. — 20a2 5a:» + 4a»a:8 — 4aa:». 

(Art. 64, pp. 42-44.) 

(4.) (5.) 

Za^ — 2y a — h 

X -\' y a -^ b 



Ba^x — 2xy a^ — a b 

^3a'y — 2f — ab + ^ 

Ans. 3a^x — 2xy + 3a^y — 2y Ans. a^ — 2 a 6 + 6^ 

(6.) (9.) 

6 a x -{- 3 X 3a?4"2y 

Sa,x -\- 2x 2x —3y 



15a«a:3+ 9 a x^ Gaj^-f 4a:y 

Ans. 15a2»^-f-19aar» + 6a;« 6;ir»— 5a:y — 65^ 



MULTIPXJCATION. 18 

(10.) (11.) 

6o^+3a; a-j-2a? 

5a^-f ^^ g — 3a; 

26 a* +15 a* a: a^ + 2.^ x 

+ 15a^a? + 9a:^ — 3 a a; — 6 V 

26 a* + 30 «« a; + 9 aj» a^ — a a? — 6 ar» 

(12.) . (13.) 

3 a — X ^+ y 

2a.-|-4a? , ^"f^y 

6a2— 2aa? a^a+xy 

+ 12 g a; — 4 a;^ a;y + y^ 

ea^+lOga: — 4aJ» a^^2xi^ + y' 

(14.) (16.) 

a:— y aS + aft+J* 

a: +y g — h 



x' — xy o^ + g^J + gft^ 

xy—f —a^h — al^ — l? 

(16.) (n.) 

g -}- 1 X -\-a 



i4 



a» — a' + a a;* — «««+«««« — a»» 

g' — o + 1 aa^— o'a^ + afx — g' 

t^ +1 «* —a* 

(18), (19.) 

q +y ■ a^+ y 

«*y — «'y' + «V — gy' + y' ^y + ^ 

«* • +y» ar«4-2««y+y' 



14 EET TO ELEMENTABT ALGEBBA. 

(20.) (21.) 

2a h — 3fi« 7? + x y — f 

3a 5 +4fi» X —y 



Say— 126* —y^y— x^'-\-^ 

6aa6«— aff — 12 6* ^ — 2a:y» + y» 



(22.) (23.) 

aa_4a+16 1—0 + a«.— a? 

a +6 1+a 



ff — ^a^J^\^a l_a4-aa_^ 

6 a» — 20 a + 80 a — a» + a» — a* 

a«+ a»— .4a + 80 1 — a* 



(24.) (26.) 

a^ + ^y + y^ a — Sa: 

a**4-a5*y + a:^^ ac — 5cx 

— 7? y . — 7^y^ — x^ — a dx ~\-h da^ 

^y'-^^'^ + ^ ac — Chc + ad'ix + bdx' 

(26.) (27.) 

3a^ — 2a;y — y* x — y +« 

2a; — 4y a; +y — « 



6a? — ia^if — 2»y* a^ — xff-\-xe 

— 12»«y+8a;y« + 4^ +a:y — y»+ y* 

6*« — 16»»y + 6a:y« + 4y» — a;g + yg— g* 

aB» _y«_|_'2y«_«» 



MULTIPLICATION. 15 

(28.) 

Zx — y 

81a:* + 2Ta:«y + 9aJ»y' + 3a:s^ 

— 2na?y — ^7?i^ — 'Zxf — ^ 

(29.) 



X 7? 3? 7? 

— 7? — a;* — 7? — 7? 



1 


(30.) 

«" + y» 
«" + y» 

O-yn + y*. 


— a? 



(Art. 65, pp. 44, 45.) 



(1) 

a— h 
a — h 


(2.) 
o + J 


€?— ah 

— aJ + J» 


ac-j-Jc 


«»■— 2aJ + J» 


oc + 6c-}-od + *<' 



16 KEY TO ELEMENTARY ALGEBBA. 



(3.) 


(4=.) 


a + b 


a + b 


a + J 


a -{- b 



«?+ ab 
+ ah +*" 

a 4- J 

a»J4-2a5« + J» 
<^_|_3a»J+3a8» + fi» a»+ a«J— aV — V 

(5.) (6.) 

a* — a?y+^ a -}- 5 4"^ 



+ 


ah 

ah +5» 






a — J 


• 


a» + S 


5 a» 6 + a 
^•6— 2a 




-»« 



a:^y — x ^ -\- ^ — ab — i^ — he 

— ac — he — c^ 



+}/' 



— l^ — 2bc — <? 



0') (8.) 

2 a; 4- 3 a" + S» 

2a: — 3 a —b 



4.3?+ %x 

— 6a; - 


■9 


ia?— 9 
4«»+ 9 




16 a:* — 36 a:» 

36a:>- 


■81 






16 a;* — 81 



DIVISION. 17 

(9.) 



4a« +6^ 

4 a^ + 6 a" &^ 

_ 4 a" 5? — 6 5»+» 

4 a^ -j- 6 a*" ^ — 4 a"» y — 6 ^+' 



DIVISION- 

(Art. 72, pp. 48, 49.) 

6. z:rT?T = ^ = 2^"*- 

8. Ans. 7 m. 
11. Ans. — 3 a. 



21. 



8^(^ + yy~M^ + y)'~ (a^i-w- 



The negative exponents found in the above answers may 
be obtained at once by subtracting the exponents of the 
divisor from the corresponding ones of the dividend ; or, 
they may be obtained, as above, by transferring the remain- 
ing factors of the divisor to the dividend, the sign of their 
exponents being changed. 

(Art. 78, pp. 50, 61.) 
6. Ans. Ba^b + 5ah — 2e. 

6. Ans. 5 + lOa:— 12&«. * 

16. 3 a + (a + 5) = 4 a + J. 

2* 
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KEY TO ELEMENTABT ALGEBRA.' 



IT. 4 — (a: + 3)=4 — x — 3 = 1— x. 

18. The exponent of a in 6 a i^ x is 1, which, subtracted 
from — 2, gives — 3 as the exponent of a in the first term 
of the quotient. The exponent — 1, of 2 6~^ is obtained 
in a similar manner, by subtracting the exponent 2 from 
the exponent 1. The answer may also be thus expressed : 

(Akt. 74, pp. 61-65.) 

— aJ — 6» 
~ah — V 



(5.) 
«« -|_ 2 <^ J + 2 a i» + P 



a 4-& 



o»6 + 
<^6 + 



aJ^ + y 



(6.) 
a» — 3a»5 + 3aJ« — J» 



— 2a»J-}-2a5' 



a«_2oJ + J» 



aV — V 
aV — V 



DiviaoN. 



19 



(TO 



o— l)a» — 1 (c^ + a 


+ 1 


a» — 1 ' 
a' — a 


a — 1 
a — 1 


(8.) 
8 a» — 4 <^ J — 6 a J* + 3 P 


2a —6 


8a» — 4a'J 


4a« — 3J» 


— 6aJ' + 3i» 

— 6aJ« + 3ff' 


(a!« + 2 a: + 1 


(9.) 
a3_.2a; + 8)a!* + 4a:+3 

a^_2a?-^3a:» 


2 «» — 3 a:" + 4 a: 
2a? — 4:3? + 6x 


a? 


— 2a: + 3 

— 2a;-f3 



(10.) 
— €r X — a ar — ar 



20 



KEY TO ELEMENTABY ALGEBBA. 



(11.) 

rt*_2a»ft+ 4.c?V 

2 a« 6 + 16 5* 

2c?h — 4a*5' + 8off 



4 a^ 5» — 8 a y + 16 6* 
4a25» — 8a^ + 16 5* 



(12.) 
a — x)a? — 7? {c? -{- ax-\'ix? 



c^ X 7? 

c? X -^ aa? 



ua? — 7? 
as? — 7? 

(13.) 
a+x)c? + 7? {c^ — ax + a? 
cP -Y ^ X 

— c? X ••\' a^ 

C? X UT? 



as? '\'7? 



(14.) 
a? — 5ic^ — 46 a: — 40 

3^ + 4.0? 



a; -{- 4 



a^ — 9 a:— 10 



— 9 a:^ — 46 a: 

— 9 a:^ — 36 a: 



— 10 a: — 40 

— 10 a: — 40 



DIVISION. 
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(15.) 



a;^ — 1 



X — 1 



a:« + a:«4.;B' + a» + a:« + iB-|-l 



xo—l 



a:* — 1 




sd' — a^ 




a^-1 




a^ — a:* 




a:*— 1 




a? — a? 




a?- 


-1 


a?- 


— ^ 




x—\ 


/ 


x—l 



(16.) 

a + ar) o« + aH* {a^ — c?x + €^a?^a7?'\'X^ 
a* + c^x 



— a* a; 

— a* a; 


— rf'aJ' 










• 


<^a? 
<fa? 


+ 
+ 


af 








— 


a? a? 
a^a? 


+ ar» 
— aa* 










aa* + 
aar* + 


a? 
a? 
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21a»-T216» 


la —1h 


21 o« — 21 0* J 


3o« + 3a»J + 3a»*' + 3ai» + 3 6« 


21 o* 6 
21 a* J 


— 2iy 

— 21a!'J» 




21 «» P — 21 y 
21<^*' — 21«»P 


• 


2iyff — 218^ 
21 «» y — 21 a J* 




21aJ* — 2iy 
21 a J* — 21 y 



2o* + 2a»J + 5a»i'- 
2 a* — 2a»J+ <^^ 



(18.) 
6 a y + 4 J* 



4a'i + 4a»ff' — Ga*" 
4 a" 6 — 4 a* J* + 2 a J» 



8a»6» — 
8a»J« — 


•8 
■8 




4 J* 
4 J* 



2q« — 2a54-y 



a2 + 2aft + 4^ 



(19.) 

2 a« + i — 2 0* + ^ — a«+" + a^ 
2 a« + 1 — a"* + » 



■ 2a« + » 
2a«+^ 






2a 
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(20.) 





jir — Mb 


a + x 


— a? a; — 3 a;* 




— cfix — cfa? 






t?3?—Z7*' 




(fx' + asf 




_ a iE» — 3 X* 




— aa?— a* 




— 2«« 


• 


(21.) 




a«_5 a* J+10 a« J?_10 a» »•+ 5 a J*— y 


a»— 2 a 


5+J» 


a»_2a*6+ o»«» 


a»— 3 a' 


'J4.3aa»_*> 


— 3a*J+ 9a»ff'— 10o«i» 






— 3a*6+ eo***— 8a*J» 


\ 




3a»J«— 6«»6«+3aJ« 




— a»y+2aJ*— J" 

— a»y+2aJ*— i" 





THEOKEMS. 

Teachers will observe that the principles of Involution, 
for the second power only, are here anticipated to some 
extent. They will also readily perceive that it is impor- 
tant to introduce these principles at this early stage, on 
account of their use in the operations connected with 
factoring and fractions. 

The pupil already understands that a quantity is squared 



\ 
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when it is multiplied by itself (Art. 20) ; and that, so far as 
the literal part of a monomial is concerned, this is effected 
by adding the exponent of each letter to itself (Art, 62), or, 
which is the same thing, multiplying it by 2. 

THEOBEM L 
(Art, 76, pp. 65, 56.) 

2. (2a: + y)»=(2a:)» + 2(2x)y + y» = 4a:« + 4xy4-»*. 

3. (6 a* + 2 a* J)» = (6 a»^' + 2 (6 ^ (2 a« J) + (2 o« &)» 

= 36 a* + 24 d«. J + 4 a* 6». 

4. (<^> + 3 a' «» c*)« = (a» J«)* + 2 (<^ i*) (3 rf" y c*) 

+ (3 rf" i» c*)' = a« J« + 6 a» *> c« + 9 a* «^ c8. 

THEOBEM ZL 

(Art. 77, p. 66.) 

2. (5c— l)» = (5c)«— 2(5c) + 1 = 25c»— lOc + 1. 

3. (a» — i»)«=(a^« — 2(^J'+(J^« = d« — 2<^J» + 6*. 

4. (5a*5» — 10a*y)»=(5rf'J«)* — 2(5<^J^ (10a*J») 

+ (10 o' J*)' = 25 rt* i*— 100 a* y -f- 100 a« *«. 

THEOBEM m. 

(Art. 78, p. St.) 

1. (3o + 2J) (3o — 2 5)=(8a)«— (2J)« = 9a» — 4»'. 

3. (5 a + 6) (5 a — J) = (5 «)» — 5" = 25 a« — 5». 

4. (9 a; + 1) (9 a: — 1) = (9 «)« — 1 = 81 a:^ — 1. 

5. (3a«c+10aJ»)(3o''c— 10aS») = (3o''c)«— (10ai»)» 

= 9a*V' — 100a«J«. 

6. (Sx>y+12xi/')(Za^t/—12xf)=(3!>^}fy—(12xy'y 

= 9a:V— 144a^i(«. 
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MISCELLANEOUS EXAMPLES, 
(pp. M, 58.) 

2. (3 a — 2)3= (3 ay— 2(3 a) 2 + 2^ = 9 a»— 12 a + 4. 

3. (9 a 6 + 2 *2)2 = (9 a 5)2 + 2 (9 a 6) (2 i^) + (2 py 

= 81 a^ *2 ^ 36 a i^ + 4 **. 

5. (2 — a:«)2 = 22 — 2 (2 x"*) + (a:«)2=4 — 4 a:« + a:*«. 

6. (a« + 1) (c^ — 1) = (a«)2 — 1 = a« — 1. 

T. (a2 _ 62) (a» ^ ^2) _ (^2)2 _ (^2)2 ^ ^ _ 54, 

8. (1 — 3 c^2 = 1 — 2 (3 c2) + (3 c2)2 = 1 _ 6 c« + 9 <?*. 

9. (2 + ^^=r6)(2— ■^3rS)=22— ^^=T=4— (a— 5)2. 

10. 2 (a + 5) (a — 6) = 2 (a^ — 62) ^ 2 a" — 2 52. 

11. 3» (a:2 — a2)2 _ 38 (^2)2 _ (33) 2 a^ ar» + 3« (a^ 

= 21 x^ — 54: a" x" + 21 a\ 

12. (1 _ 4 a) (1 — 4 a) = 1 — 2 (4 a) + (4 ay 

= 1 _ 8 a + 16 a2. 

13. (3 m + 4 n) (3 m — 4 w) = (3 my — (4 n)« 

= 9 77*2 — 16 n«. 

14. (3 a — 4 x) (3 a + 4 a:) = (3 ay — (4 a:)« 

= 9 o^ — 16 a:2, Ans. ' 

15. (2 a + 3 ar) (2 a + 3 x) = <2 a)* + 2 (2 a) (3 x) 

+ (3 x)2 = 4 a2 + 12 a a: + 9 x2. 

16. (2ac — Shc) (2a'c — 3hc) = (2acy — 2(2ac){3hc) 

+ (3 6 c)2 = 4 a2 c2 — 12 a 6 c2 + 9 62 c*. 



17. (3 — a + 6) (3 — a + 6) = 32 — 2 (3) (a + 6) 

+ (a + 6)2 = 9 — 6 (a + 6) + (a + 6)^. 

18. (5 a2 6?^ + T a 6) (5 a2 6» — t a 6) = (5 a2 6^)2 _ (T a 6)2 

= 25 a* 6* — 49 a2 62. 
3 
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19. (x 4- a) (x — a) (oe" — (^) =z (x" — a«) {x" — a^ 

= aJ* — 2a«ar» + a*. 

20. (x + 2) (a: — 2) (x — 3) (x + 3) = (a:* — 4) (a^ — 9) 

= a)* — 13 a:* + 36. 

21. (2 ar + 3) (2 a: — 3) (4 a:2 + 9) = (4 ar» — 9) (4 ar»+ 9) 

= 16 a:* — 81. 

22. {x^ _ 1) (a^ + 1) (x* — 1) = (x* — 1) (x^ — 1) 

= a^ — 2 a:* + 1. 



FACTORING. 

(Art. 88, pp. 60, 61.) 

3. Ans. 3 X 1 mmmnn X. 

6. Ans. 2X2X2X laaabbbbccxxxy. 

(Art. 89, pp. 61, 62.) 

4. Ans. X (a + !)• 

6. Atlq, 1 bc'x(2c' — Sbc + l). 

(Art. 90, pp. 62, 63.) 

3. 4 a^ + 12 a 6 + 9 52 = (2 a)2 4- 2 (2 a) (3 i) + (3 by 

= (2 a + 3 5)2 = (2 a + 3 5) (2 a + 3 5). 

4. Ans. (2 a — 3 5) (2 a — 3 6). 

5. a^ — 4a62 4-46* = a2 — 2a(2J2) + (25^)2=(o_25^)«. 
T. 1 + 2 ar* + a:* = 1 + 2 a:^ + (ar^)2 = (1 + a:2)2^ 

Ans. (1 + a;) (1 + x). 

8. 4.x' + 4.xf/ + f/^ = (2xy + 2(2x)y + f={2x+!/y. 

9. 25 w* + 10 m^ » + »2 _ (5 ^2y + 2 (6 m^) » + n* 

= (5 w2 + w) (5 m" -f w). 
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(Art. 91, pp. 63, 64.) 

3. Ans. (x + y) {x—y). 

4. 4.^ — y'={2xy-f=z{2x + y){2x — y). 

5. 9a« — 4*2=(3a)«— (26)«=(3a + 26)(3a — 2*). 

6. Uc?W—Uc'd^={^a by —(4 c d)\ 

Ans. (S a b -\- 4: c d) (S a h — ^ c d), 

T. I — 81x^=1 — (9 xy= (1 + 9 x) (1—9 X), 
8. c^ — (^3^=(c«)» — (a«y)«=(c« + a«y)(c« — a»y). 

10. 1— c*= (1 + ^2) (1 — c2) = (1 +c2) (1 + c) (1 — c). 

11. 16/ — 1 = (4y*+ 1) (4y*— l) = (4y*+l) 

(2y«+l)(2y2-l). 

12. a^ — (^= (a^ + c^ (a* — c*) = (a* + c*) (a" + c^) 

(a^ — €") = (a* + c*) (a^ + c^) (a + c) (a — c). 

13. a^-y^=(a^ + f) (x^-f) = (x^+f)(a^ + y) 

(Art. 92, pp. 64, 65.) 

2. See Art. 8t. 

3. Using m for a and n for 5, we obtain the first answer 
from Art. 85, and the second from Art. 86. The same results 
may also be obtained by actually dividing wi* — w* by m — n 
and by m 4- w. 

Also wi« + w« n + m n^ + w» = (w + n) (m^ + w^), 
and m^ — m^n + mn^ — w* = (m — n) (m^ -f- n^) ; 
hence, m* — n* = (wi — n) (m + «) (»»^ + w^)- 



28 " KEY TO ELEMENTARY ALGEBRA. 

4. Substituting 1 for a and x for h, the quantity 1 — a:* 
is factored precisely as in the last example. If the second 
factors be again separated, we obtain the prime factors, 
thus, 1 — a* = (1 — a:) (1 -}- a:) (1 -f a^). 

5. Sa^ — f/'=(2xy — f/'=(2x—f/){^x'+2xf/^y^, 
by Art. 85, or by actual division. 

6. 8af» + l = (2a:)«+l = (2a?+l) (4 a:« — 2 a:+ 1), 
by Art. 8t, or by actual division. 

T. See Art. 8T. 

8. The first form of the answer is obtained by Art. 
91 ; this is changed to the second form by Art. 85, and 
to the third by Art. 8t. This latter contains the prime 
factors. 

By means of Arts. 86 and 85, or by actual division, 
we can also obtain 

and a« — 5«= (a — 6) (a« + rt* 5+ a» i^ + a^ h^^ab* + l^). 

The last factor of each expression is capable of being 
separated into three others, thus making up the four 
prime factors, 

(a + 5) (a — 5) (a» + a 5 + 5^) (a» — a 5 + 5^ . 

(Art. 93, p. 66.) 
4. Qa?+12x'y + Qxt/'=:6x(x' + 2xy-\-f) 

6. ac — h d -\- be — a d =^ a (c — d) -{- b (c — c?) 

= ia + b)(c-d). 

1. 6ax — 2hf/-\-3bx — 4:a}f = 2a(3x—2y) 
+ 5(3x — 2y) = (2a + }) (3x — 2y). 
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GREATEST COMMON DIVISOR. 
(Art. 98, pp. 68, 69.) 
The examples of Case I. are readily solved mentally. 
4. Ans. b ah c d^, 

(Art. 99, pp. 69 - T2.) 

4. According to Note 3, we suppress the monomial fac- 
tor 3 in 3 a:» — 24 a: — 9, and 2 in 2 «» — 16 a: -^ 6, when 
each becomes t? — 8 a; — 3, which is therefore their greatest 
common divisor. 

6. According to Note 4, we must multiply the dividend 
by some quantity, not a factor of the divisor, which will 
render its first term divisible by the first term of the divisor. 
As the two expressions are of the same degree, it is imma- 
terial which is made the divisor (Note 1). 



6a2+ lax— Z^ 
2 



12 0^4- 14 a a;— 6x2 
12 a^ — 12 a a: — 45 ic» 



4a2 — 4aar — 15 a:* 



(3 



26 a^ + 39 ar* 

2a + 3ar)4a«— 4 aa:— 15 a:* (2 a — 5a: 
4a2+ 6 a a: 

— 10 a a;— 15 a:* 

— 10 a a;— 15 a:* 



The factor 13 a; is suppressed in the first remainder 
(Note 3), and we thus obtain 2 a + 3 ar, which proves to 
be the greatest common divisor. 

3* 
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(6.) 

a' — 2ah — ^¥)2a^-^ ah— V (2 
2a2 — 4a5 — 653 



a^h)a^ — 2ah—Z}^{a — Zh 
0^+ ah 



a + 5)3ac + 35c(3c — 3a5 — 3^ 

3ac + 35c _3a6 — 352 

We find the greatest common divisor of the first two given 
quantities (Note 6), which is a + ^» ^^^ ihen find the great- 
est common divisor of a -\-h and the third given quantity. 

a.) 

2x*+ 6ar*— Sa:^ 



— na?-\- 


13 K? 






x> — 


x)a:» + 


3a^- 


-4a;< 




a? — 


a* 








4««- 


-4.x 






4a:«- 


-4.x 



The factor 13 a: is suppressed in the first remainder, 
according to Note 3, and the signs are changed, accord- 
ing to Note 5. The factor 13 7? is found in both terms 
of the remainder ; but a portion of this, x, is also found 
in the divisor, and we suppress only that part which is 
not common to the divisor and remainder. 

We might have suppressed x from the original divi- 
dend, as we have done in the remainder ; or, we might 
suppress 7? from one and x from the other, if we finally 
restore the common factor x to the greatest common 
divisor (Note 2). 
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The first division, as given above, might be continued ; 
for the first term of the divisor, ar*, is contained — 13 times 
in the first term of the remainder, — 13 7?, The result 
would, however, be the same, after suppressing the factor 
found in the remainder. 

(Art. 100, pp. T2, T3.) 

2. ah ^W = 5 (a + i), 
ai?^hi» = i^{a-^^h). 

Hence a + 5, it being the only common factor, is the 
greatest common divisor. (Art. 96.) 

3. o^ — 2 a = a (a — 2), 
aJ — 25 = 5(a — 2). 

Hence a — 2 is the greatest common divisor. 

4. a^ — c?V = cf{a^ — W), 

a^ — y =(a2 + ^) {a^ — l^. 
Hence c^ — J^ is the greatest common divisor. 

5. ah-\-am-\-hn-\-mn^=ia(h-^m)-\-n(h-\-in) 

= (a+„)(6 + «), 
1^ n — m^ n-=zn{}^ — rr?) =zn (b — m) {b -\- m). 
Hence b -\~ mis the. greatest common divisor. 

6. a2 + 2 a 5 + 52 = (a + b) (a + b) , 
a!'—ab^ = a(a^ — !^) = a{a — b)(a + b). 

Hence a -\- bia the greatest common divisor. 

T. Sx^—Bf= 3 (a^ — !n =^{x—y) {x+y), 

Zx'+^xy-4rBf=B{x'+2xy-\-f)=B{x+y) (x+y), 

3a&a:+3a5y= 3a5(a;+y). 

Hence 3 (x + y), the product of the common factors, is 

the greatest common divisor (Art. 96). 
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LEAST COMMMON MULTIPLE. 
(Art. 105, pp. U-Y6.) 
4. {a^ — x — 12) -f. (a: 4- 3) = a: — 4, 

an(i:K» + 6ar^ + 9ar = ar (ar2 4- 6 a:+ 9) = a: (ar+ 3)^. 

hence ^^ ^^-^^ D^_Z=:a:(a;— 4)(a:+3)^ 

(5.) 
9 a:» y« = 32 ar* y» 
15a: ^ = 3X5x3/* 
18a:*/ = 2 X 3^3:^/ 



90a:«y» = 2 X 3^ X 5 a: V 
(6.) V . 
6 a^ c8 = 2 X 3 a^ cf« 

Ans. 36a2^c3rf=:22x32a2&5c3rf 

a.) 

10 o» c^ (a + Z;) = 2 X 5 a* c^ (a + 5) 
10 a« ^2 ^2 (a ^ 5) = 2 X 5 o^ 62 c2 (a + 5) 

(8.) 

(9.) 
3a+l =3a + l 
3 (9 a2 _ 1) _ 3 (3 « _^ 1) (3 a — 1) 

3 (9 a2 _ 1) _ 3 (3 ^ _|_ 1) (3 ^ _ 1) 
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(10.) 

1 + a =l+a 
I — a =l — a 
1 — a2 = (1 + a) (1 — a) 

1 — a2 = (1 4- a) (1 — a) 

(11.) 
^ (^ H~ y) (^ — y) = « (a^ — y^). See Note 1. 

(12.) 

12 o2 _ 12 a 6 + 3 i2 = 3 (2 a _ i)2 
3 a! (a + ft)2 (2 a — *)« 



FRACTIONS. 

REDUCTION. 
(Art. 124, pp. 80, 81.) 



5. Ans. -r-. 

o 



a«-|-2a6 + 6»~ (a + 6) (a + 6) — a-\-h ~ "a + 6 * 
x^—l (x — 1) (a; + 1) _ ^ 



10. 



11. 



2xy-\-2y 2y(a:+l) 2y' 

oa? -f-a;* x (a -f- ^) ^ 

a(^-\-<^x (^{a + x) ~ ?' 

7? — c^ X X {x — a) {x-\- a) x (x — a) 

Q^ -\- 'i, a x ■\- €? {x -|- a) (a; -|- «) a: + a ' 
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12. 



a!' — (^l^ _ q» (q« — y) _ g» 

a* — 6* ~ (a* + 6*) (a* — 6») " a« + 6»* 



13. 



5q» + 10q*a;+5a»a:« _ 5 q» (q + g) (q + a:) 
a»a;+2a'»a:*+2aa:* + j?*~" (q + a:)~(q''T+T^ +^ 

_ 5q»(q4-a:) _ 5 a* + 5 (^ x 



After factoring the numerator, it is evident that if the 
two terms of the fraction have any common factor, a -{- x 
must be that factor ; and we find by actual division that 
it is contained in the denominator, giving a quotient 
a" X -\- a a^ + a?. 

The last example can readily be solved by finding the 
greatest common divisor of the terms, according to Art. 
99 ; for the factors cannot readily be determined by 
inspection, especially in the denominator. Suppressing 
the monomial factor, 5 a", in the numerator, the greatest 
common divisor of the two terms may be found as fol- 
lows : 



(^x-\-2a^x' + 2aa? + x* 



c^-\-2ax + a^ 
(a X 
aa? -\- x^ 

a'\~x)a^-\-2a3i-\-a^(a-\-x 
a* + ax 

ax -\- a^ 
a X -\- a^ 

Dividing both terms of the given fraction by the 
greatest common divisor, a -{- x, we obtain at once 

5 a* -\- 5 c^ X 
a* X -\- a a^ -\- a^' 
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(AnT. 125, pp. 82, 83.) 



o. i — - — i — X — V. 

x-^-y x-tV 



(4.) 

a + x)ax + 2al'(x-\- ^-r-^ 
ax -\-' a? 



X — y X — y li^irir 



6. =4a; — -— =:4a: , Ans. 

3 a; 3 a; x* 



7. 2x^-x+l)4.a^-2x {2- ^^_^ 

4ar» — 2a: + 2 "^ 



fl3_y^aj _q8_|,aj^ y _ (g +a ?) (a» — a g + a:^) 
a-\-x a-^-x a-{-x a-\-x 

i — = a^ — ax-^-T? i — . 

a-^- X ' a-Y X 

(Art. 126, pp. 83, 84.) 
^- F6^ — 3T^ — ^^"^ aft c . 



4. |^ = ?!! = ,^V. Ans. 

Z 31? y X ^ 
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6. -^,=c?.?t/'u' = ^^t/'^ 



8. ^:^.= {a-h)ia^h) = <^-J^. 



9. 



10. 



4fl-«&»ar-« _ 4a«yy _2y 
2 a-* 6-* 2a'»a;* cT?' 

gy (q — 6)-^ xy »y 

a + 6 — (a-t-6)(a — 6)«~a» — a*6 — a6« + 6»* 



In the above examples, factors are transferred from 
either term of a fraction to the other by changing the 
signs of their exponents. 

Since the fractional form may be regarded as an ex- 
pression of division, the required result may also be 
obtained, in each of the first eight examples of Art. 
126, by simply subtracting the exponents found in the 
denominator from those connected with the same let- 
ters or quantities in the numerator. The exponent of 
any letter or quantity not found in the numerator may 
be regarded as 0. (Art. TO.) 

(Art. 127, pp. 84-86.) 
4. Ans. ' . 



ah — 0* 2a5 — (ah — a*) 2q5 — ah -{- a* 

^' ^ rr~ ~ 2h ~ 2 6 



_ ah + €^ 
— ~"2&~"- 



, a: — l_q6 +&— (a: — l) _ a5 + &--ar+l 
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J. rt c, I , a — X Ba — 664-a — » 7a — 6& — x 
1. 2«-2J + -3-= fi = . 

, 4 a; — 6 4x-\-12ax —(ix — 5) 12ox+5 

o, 1 ^~ u CI — — "■ . — — ^^ " 

' 4x 4Lx 4iX 

9. a-\-'b J- — = ^^ — T - = 1. 

' a — 6 a — b a — b 

10 2-1 '^"^^ = ^''^ + '^ + ^ = ^'' + ^^' 
' xy xy xy 

■ , fl« — 2a& + y _ q«+2a6+y-»(q« — 2a& + y) 

(Art. 128, pp. 86-88.) 

4. The least common multiple of the denominators 5 y, 
10 f, and 2 x, is 10 x f, (Art. 105.) 

(10. s^-^ 5y)X4a:=8a:^y;t^ = ^^. 
(10.y«^10^)Xtm = rm.; ^ = ^. 
(10x5^-^ 2:.)Xn =5«5^; ^^ =A^. 

6. The least common multiple of 2 a, 5 a*, and n 
is 10 a^ n, 

(10«»«-f-2«)X3ar=15a»x; ||. = 1'^^. 

(10a««H-5a»)X2a:= 4»,a: ; ||, = ji^. 

^^^« V *^o ^ 10a*77i 

(10 «» « H- n) X »» = 10 a» m ; - = ^^j- ,-. 

. 15 a n a: 4 n a: 10 a* ?» 

,' lO^^^' 10"^«7i' 10 a« n 
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Examples 6 and 7 are readily solved by the first part 
of the rule. 

8. The least common multiple of I, h, and c -}- d ia 
b(c-\-d), or he -\-bd. 

l(hc + hd)^h]Xa= ac + ad; £=?|±|^. 
l^hc+hd)-^(c+d)]Xix-2)=hx-2h', ^-;^=*-l=l^. 

Note. The same xesnlts may also be obtained by means of the first 
part of the role. 

(Art. 129, p. 89.) 

2. Since (x -\- y) (x — y) =z a^ — t^, it is evident 
that if we multiply both numerator and denominator of 
the first fraction by a? — y, and of the second hj x -\- y, 
the denominator of each of the three firactions will be 

3. Since (a — x) (a* + a a? + ^) = «' — ^ C^^- 
86), it is evident that the multiplier c^ -{- a x -{- a^ 
should be used for the second fraction, and a — a: for 
the third. 



ADDITION. 
(Art. 181, pp. 90, 91.) 

3 a _.5 a .a 9a, 10 a, 4a 28 a 

'T'nr'3~T2'"T2''T2~ 12' 



A. X ^^x ^^x 6a;^_4a:^^3a: 13 a: 

2 ""3 '4 12 ' T2 ' 12" T2"' 
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_ S X ^^x 15 X ^^2 ax 15 x -{- 2 a x 

2a~^i 10a ' 10a 10~a ' 

^ Ax ^^x — 2 20 a:, 7a:— .14 27 a: — 14 

* • ~r • 5~~ 35 ' 35 35 * 

B X — a, 4a: 3a: — a, 8a: 11a: — c. 

^- -r4-+-7; = -u-+i4 = -i^'^^«- 

9 ^ -U y _ 3^'-xy . xy + y" _ x' + jf' 

a; + y"'"a: — y a^ — f ' x^ — f a:* — y^' 

• 1 + a^l— a 1— a»~i— a« 1 — a«' 

11 a: + y . a: -- y _ a;» + 2 a: y + y . a:* — ■ 2 a:-y ^-y* 

a; — y ' a: + y x^ — f •" x^ — f 
_ 2a:«+ 2y« _ K^^j+jO 
"a:* — y*' a^ — y^ 

- a — 6j^6 — c i^c — a ac — b c ^^ah•^~'ac ^^b c — ab 

a6'&c"'ac abc ~ Qb c * abc 





abc' 



0. 



a? — - g , 1 x^ — g' , a:* — g a? -f- <»* 

^^- 0^ ^ ax + a^ "f" i"+~5 ~ a^ + g8 ■+■ a^ + g« 

2 a:* — g a: 

~ a:» + g» " 

n ■ 1— -271 n« 1 ^ i n n* — 2 w + 1 

n — 1 ' n« — n n'* — n "• n* — n n* — n 

_ (n — 1) (n — 1) w — 1 

n (n — 1) • n ' 

,- o |2a:, 8a: ^ , ,18 a: 40 a: . 22 a: 

16. 3a+~ + a-- = 3a + a + — -— =4a-— . 

,^ ,c + rf,c — (i |2c I „ 
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,o 4a*, . 2 ax . A €^ c . 2 a b X 

18. X ^ + y + __ = x + y--j^ + -^^ 

, , 2 ah X — 4a*c 

= ^+y + re • 



SUBTRACTION. 

(Art. 133, pp. 92-94.) 

12 a: 3 a? 60 a; 21 a; 39 a: 

~7 5~ "35 85" "85"* 



4. 
6. 
6. 



a a 4a 3a a 

8 4 12" TJ 12 ' 

3 a6 4a6 3a6 Sab 6ab 

4 2 ~4 T"" ~ i"" • 

^ + y g — y _ 2 y _ ,, 

2 "" 2 — 2 —^' 



x+1 x — 1 2 . 

— — J= — -, Ans. 



8. 



a:— 1 ar+1 a:*— 1 a*— 1 a:*— l' 

1 — 2n n 1— 2n n" i— 2n — n« 



no ^ / 3; — a\ ft ca: , 



26ar — 2a^ 
2bc 



10. 



^ , 26a: — 2fl& — ex 4bcx-\-2hx — ex — 2a6 

= 2x-\ r-T = ' 7n • 

"^ 2bc 2bc 

l+g* 4a:* (1+a:*)* 4a:* _ 1 + 2g* + g*— 43:* 

1— .a:* 1—0?* 1—a:* 1— a:* 1— a:* 

_ 1 — 2a:* + a;* ^ (l— a:')(l— a;«) _ l — z* 
~ 1—a:* — (i—a:^) (l-l-a^) — l_|_.aJ«- 



FRACTIONS. 
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11. 4.+^_(3a:-|) = 4._8a. + ^-J + 



a c 



, h d 4- ac 
' a d 



12. 



* 2 y^ b) 10 10 



_ , 20 q + U 
8x-f2 1 xy — 10 y 8 a? + 2 7 a? — 10 

y 3^ "" y y 

8a;+2— 7ar+10 12 — 4a: 4 (8 — ' x) 

~ ' y ' ~ y ~ y 



. - X — a X -^ a X — a X'\-a — x-\-a 



2a 



' -\- a X -\- a x-\-a ' 



IK o I 3ar 2a:— 2a ^ 

15. 2xA X = 2x — X . „ 

'a 8c ' Sac 



x-^- a x-{'a' 

9cx 2ax — 2a* 



8ac 



j^ d c X — 2 ax-}- 2 a* 

— ^+ ♦ Sac 



16. 



X y x y g* y + a: y* s^ y — x f 

ar — y a: + y x^ -^ f s? — f 

__x^y+xf^a^y + xf__ 2xf 
7? — y" i* — y** 



MULTIPLICATION. 
(Art. 135, pp. 94, 95.) 

°- ah-\-ac-\-hc + <^^ y^^^f — (h + c) (a + c)~6 + c- 

9 a+h + c ... S{a + h + c)(x + y) 

^- 9(x-y)(x + y)^^^^ + ^^- 9(:r-y)(:r + y) 



4* 



g + ft + g 
'• S(x^yy 
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(Art, 187, pp. 96-98.) 

6. Ans. r-. 

a d 

A factor occurring in any numerator will cancel the 
same factor found in any denominator, when the frac- 
tions are to be multiplied together. 

iq 4a: + 2 bx 2 (2 a: + 1) 5 a: 10_^ 

M q + ^w ^'a: _ a + 6 1^ x _ hx 

b '^o" — 6«— b -^ (a + 6)(a — 6)~a — 6* 

ifi ^' + y V ?JZ^ — ?" +^L_ V ?Lli^ — «' + y 

^"- a« _ 6« ^ a + 6 ~ (a + &) (a — 6) '^ a + 6 ~ (a + 6)* 
q« + J« _ 

IT ^ ~ ^ V ?L+i V ^ — ^ — ^ V ^ + ^ 



X 



(a + 6) (a — 6) ~ 6 " 

\ a/ \b ^ aj a ^ ah a^h 

19 /'-^'i (-^\ /^ ^-A = -.^ y _L_ 
\^ + y/ \^ — y/ V a: / a: + y ^ ar — y 

y^ (a; + y) (3? — y) _ ^ 
a? 

»• ('• + ;)x(' + ^) = °-^^^^^ 

anxy-^-amy-^-hnx-^-hm 

ny 
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DIVISION. 

(Art. 139, pp. 99, 100.) 
x + xy . a; (1 + y) . ^_l + y_i 

1 + y i + y i+y 

T. f^ ^(a + h) = —^-^-^(a + b) = ^. 

8. -^ i- ad=z ^— '^ — ^ -^ ad=z ~ . Ans. 

c c c ' 

Q ^~^^ ' (a \ c^— ^""^ — ^""^ 

^- 6^c • ^"^''>'— (6+c)(a + c)~a6 + ac + 6c + c'»' 



(Art. 140, pp. 100-103.) 
« 3ay . 2m Say ^ y_ 8 a y» 






4a* ^ 2a_4a' 8 _ 2q 

" 9m' 3~9m^2a 3 m' 



^' dm ' n~9m^ a~dm' ^°^- 



•7 q^ . 8 <f ah 2ab 2 a' ^ 



• 1 • X ~ I ^ a^h~a^r 



Q ^ . « — " V ^ — ^ 



1— a * 4 1— a '^ « 1— a' 
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\ ^ y/ a y ^ y f 



12 ^^ + ^ aft + m _ 8o + ft 7a 210*+ 7a5 



j^g a'm-t-5TOy _^ /^ _l ^\ a'm + 6my _^ Q* + ^y 



/ , 5y\ _ o'm + g 
\ ' a / an 



an \ ct / <m a 



m (q* + 6 y) ^ o^ 



an a*-|-6y n 



a a a or — 1 a 

^(a+l)(a-l) — a-1- 



6- g* — 2 a? _^ a' a? (6 a? — 2) 2 + a? 

4 — a:« • 2 + X ~ (2 — x) (2 + a:) ^ a* 
6ar— 2 6 a:— 2 



«(2 — a:)""2a: — «•* 



16 _1^ ^ _^ _ 2^ y ?LiM 

a» + 6« • a + 6 — (a + 6) (o^ — a 6 + 6*) ^ & 

2& 



— a« — a6 + ft«* 

-.N a^ — y* ^ x — y _ (ar + y) (a? — y) 8 (a: -{- 2 y) 
^** ar+2y ' 8 a: + 6 y ~" a: + 2 y ^ ar — y 

= 3(a: + y). . 



18.(l+.).i±-^ = l4^x4^ = .. 
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19. 12 ^((^+^- a) = 11^^+^^+^ 

\ X /I X 

_ 12 X 12 a; 

"T- X 



1 '^ a» + ax + a:« — a« + aa: + a*' 



(Art. 142, pp. 103-105.) 



^ X ^ m X n nx 

y ' n y m my' 



X ' b X y — a xy — ax' 



4. Multiply both numerator and denominator of the 
complex fraction by h, according to the second part of 
the rule, and the answer is obtained at once. 

- 5 — c 7 — y 5 — c^^ a 6a — ac ^ 

5. 5 = X n = -;; • Or, 

X a X ^ 7 — y 7x — xy ' 

multiply both terms of the complex fraction by ax. 



6. Such a fraction as -—. xij is complex in mean- 

ing, though not in form, being equivalent to ^' I* 

is evident from the rule that the denominators n and d 
may be removed by multiplying both terms of the com- 
plex fraction by rf w ; and, according to the note, the 
negative exponents of the original form are removed by 
the use of the same multiplier, thus : 

(y — m n-*) X d n d ny — dm 

(x-}- a d"^) X dn d n x -^ a n 



-r 
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Y. _» =_4><4_ = _?1_=^. (Art.70.) 



^ ^ X(J-x) 



6 — X b — X 

o. 



b + x — (b + x)X(b — x) — b^-^3^ 



^^^ 4(2a:' — 5) _ 8g«-^4 6 



a — b a — *v^oA ^(^ — ^) ^^ — ^^ 

— -— — X -6U 



10. The operation for reducing the given complex 
fraction to a simple one, according to the rule, is as 
follows : 

'+i~(-+i)x«'""'+'- 

The last expression may be reduced thus (Art. 86) : 

a;6_|_a;3— a^ (x' ^ 1) — ■ af" 

Again, = ^ . ^^ =: a? — x + ar^ — x-^ . In 

X A — ' 

' X 

perfbrming the division, negative exponents must be sub- 
tracted or added whenever positive ones would be ; but 
these operations must be performed in accordance with 
the principles already laid down in the case of other 
negative quantities, thus : 



SIMPLE EQUATIONS. 
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a* — x-* 


x + ar-i 


a*-\-a? 


aP — « + «-» — ar* 


— ar" — ar" 


— X' — T? 


aP — TT* 


aP + se-' 


— ar' — x-* 




—ar^—ar' 



x + 



1 , 



^-i 



a*-^a»'a» — x+- — ^ 



— a:*— 1 



i+i 




1 


1 


x" 


a:* 


1 


1 


x"' 


a^ 



/ 



y/^^IMPLE EQUATIONS., ; 



TRANSFORMATION OF EQUATIONS. 

(Art. 152, pp. 101-109.) 

6. Ans. 6a: — 2x = 24 — 3. 

Note. The student must always bear in mind the fact that trans- 
position is simply adding to, or subtracting from, both members of an 
equation a quantity equal in numerical value to the one which is to 
be transposed, according to the first and second axioms. It may be 
well for the teacher to require this explanation of each transposition, 
until the idea is firmly fixed in the student's mind. Thus, in the fifth 
-example, we subtract 3 and 2x from both members of the equation, ac- 
cording to Ax. 2. 

(Art. 15S, pp. 109-111.) 

2. Multiply by a. 5. Multiply by 10. 

3. Multiply by 4. 6. Multiply by x. 

4. Multiply by 6. 
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1. Given m -f- ^"^ = n — pxr^ 

Multiplying hj x, mx -{- aP = nx — p tP 
Or, »»x-|-l = wa: — p 

Note. It will be seen that this example is precisely analogous to the 
sixth; but the equation takes a different form, merely because negative 
exponents are used instead of denominators. 

The student should become accustomed to the use of negative expo- 
nents as early as possible. He will find that they may often be conve- 
nientlj substituted for fractional forms ; in fact, they constitute the natural 
algebraic expression of unperformed division, just as a negative coefficient 
expresses an unperformed subtraction. The ability to comprehend and 
employ them will also be found essential in the higher departments of 
mathematical analysis. 

8. Multiply by 2. Ans. 2a — 1 +2i = 2c + cf— 2a:. 

9. Given ^_ 4ar+8 _g 

o 
Multiplying by 6, 6 a: — (4 a: -f 8) = 48 
Hence (Note 2), 6 a: — 4 a; — 8 = 48 

12. When the denominators are prime to each other, 
it is convenient to multiply each numerator by all the 
denominators except its own. In this instance, there- 
fore, we may thus multiply both members of the equa- 
tion by 66. ". 

Note. Here, as in transposition, the student must be reminded that 
he can perform no operation upon one member of an equation without 
also performing precisely the same operation upon the other member. 
The- process of clearing of fractions is based entirely upon the third ax- 
iom. Multiplying each numerator by all the denominators except its 
own is simply a convenient practical expedient for multiplying both 
members by the common multiple of all the denominators. 

13. Multiply by 6, and apply Note 2. 

14. Multiplying both members of this equation by Jc 
removes both denominators and the negative exponent. 
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15. Multiply both members of the equation by 8, and 
develop the expression 3 (44 — a: -|- 12) for the second 
member. 

16. Multiplying both members of the equation by 9 
removes all the denominators, and gives 

6 a; — 60 = 4(30 — a:). 

Performing the multiplication indicated in the second 
member, we obtain 

6 a: — 60 = 120 — 4 a:. 

Note. In moltipljing a fractional term by the least common multi- 
ple of the denominators, we may first divide this mnltiple by the denom- 
inator of the term, and then multiply the numerator by the quotient, as 
in reducing fractions to a common denominator. (Art. 128.) 

11. Given £^ + f^ = 14. 
x-\-2 ' X — 2 

Multiplying both members by (a; -{- 2) (x — 2), that is 
each numerator by the denominator of the other fraction, 
and 14 by both denominators, 

(x — 2)2 + (a: + 2)2 = 14 (a: + 2) (x — 2) 
Or, se' — 4:X + 4^ + a^ + 4:X + 4: = U(x' — i) 

SOLUTION OF SIMPLE EQUATIONS CONTAINING 
ONE UNKNOWN QUANTITY. 

(Art. 159, pp. 112-118.) 

5. Given 6 a; + 43 — 6 = 100 — 2T 

Transposing the known terms to the second member, 

6 a: = 100 — 2T — 43 + 6 
Uniting the known terms, 5 a: = 35 
Dividing both members by 6, the coefficient of x, 

x=1 

5 
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6. Given 'rar + T + l = 96 — 11 

Transposing known terms, Ta; = 96 — 11 — 1 — 1 
Uniting terms, 1 x = TT 

Dividing by T, a: = 11 

T. Given 15 x + 8 — 9 = 212 + 8? 

Transposing terms, 16 a; = 212 -f- 8T — 8 + 9 

Uniting terms, 15 a? = 300 

Dividing by 15, ar = 20 

8. Given 9a: + 9 = a:— Tl 
Transposing terms, 9a: — x=. — Tl — 9 
Uniting terms, 8 ar = — 80 
Dividing by 8, a? = — 10 

9. Given 4 a?— 15 = 2a; -f- 13 
Transposing terms, 4a; — 2a:=13 + 15 
Uniting terms, 2 a: = 28 
Dividing by 2, a: = 14 

10. Given 4 (a: — 12) = 2 (12 — x) 
Expanding, 4a: — 48 = 24 — 2a: 
Transposing terms, 4a;-{-2a: = 24 4-48 
Uniting terms, 6 a: = 72 
Dividing by 6, a: == 12 

11. Given 9 (a:+ 1) = 12 (a: — 2) 
Expanding, 9a: + 9 = 12a: — 24 
Transposing terms, 9a: — 12a:== — 24 — 9 
Uniting terms, — 3 a: = — 33 
Dividing by — 3, a: = 11 

12. Given 3 (a: — 3) + 2 a: = 3 (40 — a? — 19) 
Expanding, 3x — 9 + 2a:=120 — 3a: — 51 
Transposing, 3a: + 2a: + 3a:=120 — 6T + 9 
Uniting, 8 a: = 72 

Dividing by 8, a: = 9 
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13. Given 3 (2x + 3ar) — 16 = 72 — 4 (x ^ 2) 
Expanding, 6a? + 9x — 15 = 72 — 4a: + 8 
Transposing, 6ar + 9^ + ^^ = '*^2 4-8 + 16 
Uniting, 19 a: = 95 

Dividing by 19, a: = 5 

14. Given2 (x — 6) +3 (2a: + 5) = 3 (3a; — 2) — 1 
Expanding, 2a:— 124-6x+15= 9x — 6 — 1 
Transposing, 2a: + ea: — 9a: = — 6 — 1 + 12 — 15 
Uniting, ^—x = — lO 

Changing signs, a: = 10 (Art. 162, Note.) 

15. Given a: — ~ — ~ = 30 

£ b 

Clearing of fractions by multiplying by 6, 

6a:— 3a; — a:=180 
Uniting terms, 2 a; = 180 

Dividing by 2, x = 90 

16. First Solution. 

G i ven 1 — 8 ar-^ = i + 8 ar^ 

Multiplying by 5 x, to remove denominators and neg- 
ative exponents, 5 a; — 40 = a; + 40 
Transposing terms, 5 a: — a: = 40 + 40 
Uniting terms, 4 a: = 80 

Dividing by 4, x = 20 

Second Solution. 

Given 1 — 8 a;-^ = i + 8 a:-i 

Multiplying by 6, 5 — 40 a;-^ = 1 + 40 ar^ 

Transposing, — 40 ar^ — 40 ar^ = 1 — 5 
Uniting, — 80 ar^ = — 4 

Dividing by — 80, ar^ = - = — 

Taking the reciprocals, a; = 20 
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IT. Given |a:+12 = |a:+6 

Multiplying by 15, 10 a: + 180 = 12 a; + 90 
Transposing, 10 a: — 12 a: = 90 — 180 

Uniting, — 2 a; = — 90 

Dividing by — 2, a: = 45 



18. Given |4.^4.i? = 158 

Multiplying by 105, 35 a: + 63 a: + 60 a: = 16590 
Uniting, 158 x = 16590 

Dividing by 158, a? = 105 

Note. In clearing of fractions, the multiplication of the second mem- 
ber need only be expressed, thus: 158 x 105. The factor 158 will then 
be removed by the next division, and leave the other factor, 105, as the 
valae of x. 



19. Given f4.f4.| = 28 

Multiplying by 8, 4 a: + 2 a: + a: = 224 

Uniting, T a; = 224 

Dividing by T, a; = 32 



21. Given — = cf 

n 

Multiplying by », ax=znd 



Dividing by a. 



nd 
a 



22. Given ^^4.^=,^ 

Multiplying by 6, Sax-\'2hx = 6 c 

Factoring, (3a + 2 5)a? = 6c 

Dividing by3a + 2 5, ^ = 8a + 25 
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23. Given ?+^ = c 

a ' X 

Multiplying hj ax,~^ x-^-abz^ac x 

Transposing, x — aca: = — ah 

Changing signs, a ex — x = ah (Art. 152, Note.) 

Factoring, (a c — 1) x = ah 

Dividing by a c — 1, a: :±= =• 

a c — 1 



24. Given x-\-nx=::a 
Factoring, (1 -{- n) x = a 

Dividing by 1 ■+• n, x = r— ^ — 

1 -j-n 

25. First Solution. 

Given a — c xr^ = d ar* — b 
Multiplying byar, ax — czzzd — bx 

Transposing, ax -\^ bx=:c -^ d 

Factoring, (a + ^) « = c + c? 

Dividing by a + 5, ar =^-qp-g 

Second Solution. 

Given a — c x~^ = d x"^ — b 

Transposing, — c x"^ — d ar^ = — a — b 
Changing signs, c3r^-\-d3r^ = a-\'b 
Factoring, (p -\- d) x'"^ =: a -\- b 

Dividing hj c + d, or^=: ^-^ 

Taking reciprocals, x = T ^ 

«/,A^. bx d a ex 

26. Given — — - = ^ — -^ 

a c a 

Mult, hjabcd, J^cdx—abd^ = a^ed — ab(^x 
Transposing, a b <^ x -{-If^ c d x z=^ a^ c d -^ a b d^ 

5* 
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Factoring, bcx(ac-{-bd)=ad(ac-{-hd) 
I>ividing bj a c -{- b d, b c x = a d 

Dividing hj b c, x = — 

Note. If the members of the equation had not been factored and 
divided by a c -^ bd^ yro should have obtained 

cfied^ abd^ _ ad(ac-\-hd) __ ad 
^ "^ ahc^-^l^cd " h ci^ac-\-bd) "be' 

2Y. Given — r^ — = x ^ — 

Multiplying by 12, 8 a: + 4 = 12 a: — 3 a: — 9 
Transposing, Sx — 12a:-|-3x = . — 9 — 4 
Uniting, — a: == — 13 

Changing signs, a: = 13 

29. Given 6_?dti = a: — 3 

Multiplying by 11, 66 — a: — 4 = 11 a; — 33 
Transposing, — x — lla: = — 33 -{-4: — 66 

Uniting, — 12 a; = — 84 

Dividing by — 12, a; = T 

30. Given 2a: + ^ = ^ — 4 

' 4 4 

Multiplying by 4, 8 a: + 24 = 3 x — 16 

Transposing, 8a: — 3a: = — 16 — 24 

Uniting, 6 a: = — 40 

Dividing by 6, a: = — 8 

31. Given a: + ^ii — ?^ = a: — 2 

Dropping x from both members, ^-^^ ^"7 = — 2 

Multiplying by 12, 3 a? + 24 — 4 a: + 24 = —24 

Transposing, 3a: — 4a: = — 24 — 24 — 24 
Uniting, —x = —*l2 

Changing signs, a: = T2 
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32. Given — -\ ^ = x — 6 

Mult, by 8, 6x+4a?— 16— 4a;+40= 8 a? — 48 
Transposing, 6a: + 4a: — 4a: — 8a; = — 48 — 40 +16 
Uniting, —2x = —12 

Dividing by — 2, a: = 36 



33. Given 



6ar— 11 a:— 1 liar— 1 



4 10 12 

Mult, by 60, T5 a: — 165 — 6 a; + 6 = 55 a? — 6 
Transposing, *15 x — 6a? — 65a;= 165 — 6 — 5 

Uniting, 14 a? = 154 

Dividing by 14, a: = 11 



35. Given 



7 x+16 a?-f-8 X 

21 4 a;— 11 ~3 



Mult, by 21, 1x+ 16 _?ii+l£?= Ta: 

4 a? — 11 

■r. . K ,/. 21 a: 4- 168 
Dropping 1 X, 16 ^^^.n = ^ 

w • i« 21x4-168 

Transposing, 16 = ^^Z.n 

Mult, by 4 a: — 11, 64 a; — 1Y6 = 21 a: + 168 

Transposing, 64 a: — 21 a; = 1Y6 + 168 
Uniting, 43 a? = 344 

Dividing by 43, a: = 8 

Note. Thus far, in this Key, the processes of transposing and uniting 
similar terms have been kept distinct. When there are but two or three 
similar terms, however, the final result of both operations can be readily- 
obtained merUaUjff and we can thus avoid the labor of writing out the 
equation which results from transposition alone. 

36. Given S^-2 3^ + 22 5:.+ 14 

5 /p 2 

Transposing — - — to the second member, uniting 

o 

it with "^ — , and reducing, 

3 a; + 22 _ 
S^/ n/^ 2(a:+8)~ 
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Mult, by 2 a: + 6, 3 a: + 22 = 4 ar + 12 
Transposing and uniting, — a: = — 10 
Changing signs, a: = 10 



4a;4-17 26a: — 4 , 2x Ux 2 x — 32 
37^ Given — ^ --" — 



16a: + 68- ^^^^^^^^ + 24a? = 42a? — 2a? + 32 



Or, 40a: + 68-?i^|^^ = 40a. + 32. 

Transposing, uniting, and changing signs, 
936 a:— 144 _ 

vAvti^<^ ^^^'^ 17 a: + 32 

Clearing of fractions, 936 a: — 144 = 612 a: -f- 1152 
Transposing and uniting, 324 x = 1296 

Dividing by 324, a: = 4 

«« /N. 13 — a: 6 (a: — 5) , 8 a: +15 

38. Given __ =_A__Z + _i_, 

^^ ,. 1 « ". J . ,o 3(a:— 5) , 8a:+ 15 
Mult, by 2, and reducing, 13 — a: = —^—^ — - H ^^ 

Clearing effractions, T8 — 6 a: =9 a:— 45 +16 a: + 30 
Transp. and uniting, — 31 a: = — 93 
Dividing by — 31, a: = 3 

on r.- 6a:+7 , 7 a: — 13 2 a: + 4 

39. Given _ir_ ^ ___ ^ _J1^ 

HT -1* v o 6a:+7 , 7a:— 13 ,, , . 

Mult, by 3, _J:_+_-^=2a: + 4 

MuU. by 3, ear+T+ ^^'^Vf = 6 a: + 12 

" ' ' 2 x-\- 1 ' 

Transp. and uniting, -- — . = 5 

Clearing of fractions, 21 a: — 39 = 10a? + 5 

Transp. and uniting, 11 a: = 44 

Dividing by 11, a: = 4 
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.^ ^. 2x , Bx + 5 60:4. 13 

40. Given _ + _^^ = _^ 

Mult, by 5, 2 a: + ^J_^ = — J — 

Mult, by 3, 6x + ?^+i^ = 6ar + 13 

Transp. and uniting, — _^ =13 

Clearing of fractions, 9a:-(- 15 = 13a; — 66 
Transp. and uniting, — 4jk = — 80 
Dividing by — 4, a? = 20 



41. Given -r—i h ; =^ 

1 4-a ' 1 — a 

Clear, of fract., x^ax'\-X'\'ax = b(l — a^ 

Or, - 2a:=5(l— a^) 

Dividing by 2, a: = | (1 — a^) 



,0 />!• 3a?— 3 , . 20 — X 6x — 8 , 4ar- 
42. Given x 1-4 = - 



6 ' 2 7 > 6 

^ . 8 a: — 3 - ... .. .^, 4 a; — 4 

Transposing — , and uniting it with — - — , 

o o 

20 — X 6a; — 8 , 7 x—1 



a; + 4 = 

~ 2 7 ' 6 

Multiplying by TO, 

TOx + 280 = TOO — 35a; — 60a; + 80 + 98a; — 98 
Transposing, 

T0a; + 36a; + 60a; — 98a;=Y00 + 80 — 98 — 280 
Uniting, 6T a; = 402 

Dividing by 6T, aj = 6 

43. Given -r c == ^ e? 

n ' 

Mult, byftw, anx — ben==bmx-]-bdn 

Transposing, anx — bmx = ben-]-bdn 

T\- 'A' \. iL ben4-hdn 
Dividing by a w — om, x= _|_ , — 
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44. Given i^+f _ 5 - ? = 

X X 

Mult, by a?, Za-\-x — hx — 6 = 

Tr., uniting, and ch. signs, 4 a; = 3 a — 6 

Dividing by 4, a: = — - — 

45. Given a ar» + 5^ a: = a^ a? -|_ j a^a 
Dividing by ar, ax-\'V^-=.c^-\'hx 
Transposing, ax — bx^=: a^ — i^ 
Dividing by a — b, a: = o-f-^ 



46. Given (a + x) (b + x) — a (b + c) —^ + x' 



b 



Expanding, ab-^-ax-^-bx-^-T? — ab — ac= -^ + a:^ 

Or, aa;-f-5a: — ac = -r- 

Multiplying by 5, abx-\-lf^x — abc-^z a^c 
Transposing, ab x -\- If^ x z=z a^ c '\' ab c 

Factoring, bx (a -{• h) =. ac {a -{-b) 

Dividing by 5 (a + 5), a? = — 

Note, The value of x is also . . ^ , which, reduced to its low- 

a o -f- o" 

est terms by dividing both numerator and denominator by a + 6, be- 

a c 



47. Given 



' + ^_ 



a — 6 a-\-b~ a^-^b" 
Mult, by a* — ¥, aa:-|-^a: — 2a-\-2b — ax-]-bx=c 
Transp. and uniting, 2bx ^^ c -{- 2 a — 2 b 

Dividing by 2 J, a? = '" -r 
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48. Given 

a a; — a a* = 6 a? H 1 

a ' 2a 4 

Multiplying by 4 a, 

4o2a:— 4 a2+12 ix— 4 a^ 5^^4 a 5a:-|-12 Jx— 10 a*— aJx— 4 a^ 

Canceling —4 a' and 12 5 a;, 

4a^a; — 4a'i' = 4a5aj — 10 a' — abx 

Uniting similar terms, and dividing each term by a, 

4:ax — 4tal^ = Shx — 10a 

Transposing, 4aa: — 35a: = 4a5' — 10 a 

Tx. .J. * J, or 4 a 6* — 10a 
Dividing by 4 a — 3 ft, a; = — — - 

Or 2a(2y-5) 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING ONE 
UNKNOWN QUANTITY. 

(Art. 167, pp. 120-13T.) 

2. Let X = the smaller number, 
and a; + 16 = the larger number. 

Their sum, a? + a: + 16 = 40 

Transp. and uniting, 2 a? = 24 

Dividing by 2, x = 12, the smaller number. 

Then, a: -|- 16 = 28, the larger number. 

3. Let X = no. votes for unsuccessful candidate, 
and X + 120 = no. votes for successful candidate. 

Their sum, a: + a: + 120 = 1296 

Transp. and uniting, 2 a: == 11T6 

Dividing by 2, a? = 588, no. votes for one. 

Then, a: + 120 = T08, no. votes for the other. 
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4. Let X = smaller number, 
and X -\-l3=: larger number. 

Their sum and lY, a: + a;+ 13 + 17 = 62 
Transposing and uniting, 2 a: = 32 

Dividing by 2, x= 16, one number. 

Then, x + 13 = 29, other number. 

5. Let X = sum due A, 

2 x=: sum due B, 
and B x = sum due C. 



The whole sum, 6 a: = 3000 

Dividing by 6, a: = 500, sum due A. 

Then, 2 a: = 1000, sum due B. 

Also, 3 a; = 1600, sum due C. 

6. Let X = no. of children, 

2 a: = no. of women, 

and 4 a? = no. of men. 



The whole number, *l x = 266 
Dividing by 7, a; = 38, no. children. 

Then 2 a? = T6, no. women. 

Also, 4 a; = 162, no. men. 

Let X = number of days required. 

Then 36 a; = distance traveled by one, 

and 30 a; = dist. traveled by the other. 

Their sum, 36 a: + 30 ar = 396 

Uniting terms, 66 a: = 396 

Dividing by 66, ar = 6, no. days. 

Then, 36 a: = 216, no. miles one trav. 

Also, 30 a; = 180, no. miles other trav. 
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9. Let X = no. hours horseman rides, 

and z -{-10 = 110. hours first person trav. 

Then 9 x = distance horseman rides, 

and 4 (a? -f- 10) = dist. first person travels. 

Hence, 9 a: = 4 a: -[- 4:0 

Transp. and uniting, 5 a: = 40 

Dividing by 5, x= 8, no. hours horseman rides. 

10. Let X = price of the honse, 
and 860 — x = price of the garden. 

Then, 6 a: = 12 (850 — x) 

Or, 6 ar = 10200 — 12 a: 

Transp. and uniting, IT a; =: 10200 

Dividing by 17, x = 600, price of house. 

Then, 860 -^x = 260, price of garden. 

11. Let a: =: value of a sheep. 
Then *I2 x -p36 = value of A's share, 
and 92 x — 35 = value of B's share. 

Hence, 92 a: — 35 = T2 a: + 35 

Transp. and uniting, 20 a; = TO 

Dividing by 20, x = 3^, value of a 



13. Let X = James's age, 

8^ 
5 



Q M 

and — = John's age. 



The sum, a; + ^ = 39 

Clear, of fractions, 6 a; -f- 8 a? = 196 

Uniting terms, 13 a? = 196 

Whence, x = 15, James's age. 

Then, — = 24, John's age. 

6 
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14. 


Let 

and 
Their sum, 




ar = C's share, 

— = A's share, 

— = B's share. 




a:+-+ — = 145 






Clear, of fract. 
Uniting terms, 
Whence, 


, 12a: + 8a:+9a:=lU0 
29 X = lUO 

X = 60, O's share. 






Then, 




2 X 

-T- = 40, A's share. 






Also, 




— = 45, B's share. 




16. 


Let 
Then, 




X = his age. 




/ , 


Clear, of fract. 

Or, 

Whence, 


, 6 


a: + 3a: + 2a? = 264 
11 a: = 264 

X = 24, his age. 


*. < 


It. 


Let 




6 a: = length of the pole. 






Then 


6a; 


= 3 a: == half of its length, 






and 


ex 

~3 


= 2x = one third of its length. 



Hence, 3a:4-2a; + 4 = 6a: 

Or, _ a: = — 4 

Whence, a: = 4 

Then, 6 a: = 24, length of the pole. 

18. Let 35 a: = whole journey, 

14 x = I of journey, 
and 15 a? = ^^ of journey. 

Then, 14 v + 15 a: -f 30 = 35 ;c 
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19. 



20. 



22. 



23. 



Or, 


— 6 ar = — 30 


Whence, 


a? = 5 


Then, 


35 a; = 1Y5, the whole journey. 


Let 


6 a? = capacity of the cask. 




2 a; = amount of oil. 


and 


x=z^ of the oil. 


Then, 


2 X — 21 = a: 


Or, 


ar = 21 


Hence, 


6 x= 126, capacity of cask. 



Let 



and 



X = age of youngest, 
a: + 2 = age of next, 
ar + 4 = age of oldest. 



The sum, 3 a: + 6 = 24 

Transp. and uniting, 3 a? = 18 

Whence, ar= 6, age of youngest. 

Then, a: + 2 == 8, age of next. 

Also, a: -|- 4 = 10, age of oldest. 

Let X = no. lbs. of each. 

Then, ax-\'bx'\'Cx=:^d 

d 



Whence, 

Let 
Then, 
Transposing, 

Whence, 



X = 



a -|- 6 -|- c 



, no. lbs. of each. 



X = my age. 
2x-{'b = a 

2 x = a — b 



my age. 



24. Let X =: no. votes for successful candidate, 

and X — 5 = no. votes for other candidates. 



The sum, a: -f- a; — 5 = a 
Or, 2 x = a -\- b 



Whence, 



X = ^"^ , no. votes for sue. cand. 
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25. Let X = value of horse, 

and -^ == value of carriage. 



3 X 
Their sum, ^ ~^ 9 ^^^ 

Clear, of fractions, 2a: + 3a: = 2c 

Or, bx=z2c 

2 c 
Whence, a; =: -^ , value of horse. 



Then, — := — , val. of carriage. 



5 
2 ^^ 



26. Let X = no. days second travels, 

and a: + n = no. days first travels. 

Then b x = distance second travels, 

and a (x'\'n) = distance first travels. 

Therefore, b x = a (x -]- n) 

Or, bx = ax -{- n a 

Transposing, bx — ax = n a 

Whence, x = , , no. days required. 



27. Let X = the number. 

Then. I^_4 = 15 

Clear, of fractions, *lx-{'3 — 8= 30 
Transposing and uniting, t a: = 35 

Whence, a: = 5, the number. 



28. Let X = length of rod. 

Then, a:-|-(|+3) = 16 

Mult, by 30, 30 a: — 6 ar — 5 a: — 90 = 480 
Transp. and uniting, 19 a; = 5T0 

Whence, a: = 30, length rod. 
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30. Let a: = price of first house. 

X S X 
Then a; + - = -r- = price of second honsOj 

— + -7- = -J- = pnce of third house, 

9 X 13 X 
and a: + — = -7- = price of fourth house. 



The sum, x + ^ + ?^ + ^ = 8000 

iS 4 4 

Clearing of fractions, 
4a; + 6a; + 9ar + 13a: = 32000 
Uniting, 32 a? = 32000 

Whence, x = 1000, price 1st house. 

8 X 

Then, -— = 1500, price 2d house. 

9 X 

Also, — = 2250, price 3d house. 

13 X 
And, -J— = 3250, price 4th house. 

Note. Tractions may be avoided by using 4 x for the price of the 
first honse, and, consequently, %x, 9x, and 13 x for the prices of the oth- 
ers. The yalae of x will then be found to be 250. 

31. Let X = son's age, 
and 3 a: = father's age. 

Then, 3x — 6 = 4(a; — 5) 

Or, 3a: — 5 = 4a; — 20 

Transp. and uniting, ^x = — 15 
Changing signs, x = 15, son's age. 

Then, 3 a? = 45, father's age. 

32. Let X = time of first, 
and 10 — xz= time of second. 
Then 14 a: = am't deliv. by first, 
and 9 (10 — x) z= am't deliv. by second. 

The sum, 14 a: + 90 — 9 a; = 120 
6* 
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Transp. and uniting, 6 a: = 30 

Whence, a; = 6, time of first. 

Then, 10 — a: = 4, time of second. 



34. The answer to this problem may be obtained either 
by substitution in the general formula found by Prob. 33, 
by a statement similar to that of Problem 33, or as fol- 
lows : 

Let X = the time required. 

Then - = what both can do in one day. 

Also i = what A can do in one day, 

and ■= = what B can do in one day. 



Then, 1 J. i = 1 

' 8 ' 7 a; 

Clear, of fract., Ta:-f-3a: = 21 

Or, 10 a: = 21 

Whence, x = 2^, time required. 



35. The fractional part of the whole work performed by 
A, B, and C, respectively, in one day will be represented 

Let X = the time required. 

Then - = what all can do in one day. 



Hence, - + - + - = - 

Clear, of fractions, bcx-^acx-\'ahx=zahc 

Whence, x = =■ — j : — r 

c-\- a c-\- a 

r\ ah c ., 

Vr, X = -^— i i-^— , tmie req. 

ab-\- ac-\- be * ^ 
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Note. Since each would work x days, the parts performed by each 
woald be - , ? , and - ; and as they would perform the whole work in 
that time, the equation might be stated thus : 

36. Substituting 2 for a, 3 for h, and 4 for c, in the 
formula just obtained, we have 

abc 24 24 12 

^ ~ ab-\-ac + bc ~6 + 8+12~26"~13 

If of 60 m. = 55^ m. = 55 m. 23yV s. 
This problem may also be solved independently of the 
preceding formula, thus : 

Let X = the time required. 

Then, ^ + - + j = j 

Clearing of fractions, 6a:+4a:-|"3^=12 
Or, 13 X = 12 

Whence, a? = |f , the time required. 

■1-f h. = 65 m. 23tV sec. 

38. Let X = no. bushels of rye, 

and a; + 50 = no. bushels of the mixture. 

9 X 
Then -r- = value of a: bush, rye at 4 j^ s., 

and 6 (a? + 50) == value of the mixture. 
Also 50 X 6 = 300 = value of the wheat 

Then, 5 a: + 250 = ^ + 300 

Clearing of fractions, 10 a: + 500 = 9 a; + 600 
Transp. and uniting, x = 100, no. bush. rye. 

39. Let a; = no. gals, water, 
and a? + 40 = no. gals, mixture. 

Then, (x + 40) X 4.50 = 40 X T 
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Or, «^±i5? = 280 

Clearing of fractions, 9a: + 360 = 560 
Transp. and uniting, 9 ar = 200 

Whence, x = 22f , no. gals, water. 

4:1. Let B X = his money. 

Then 2 a? = amount at 6 per cent, 

and X = amount at 8 per cent. 

o .^ 6 12 a; . 

^ a: X j^ = Jq^ = mcome at 6 per cent. 

Q ft •}• 

« X 100 ^^ Too ^^ income at 8 per cent 



Clearingof fractions, 12a:+8a: = 120000 

Or, 20 a: = 120000 

Whence, x = 6000, am't at 8 p. c. 

Then, 2 ar = 12000, am't at 6 p. c. 



42. Let X = rent last year, 

8£ 

100 ' 



and X -{- -—=z rent this year. 



Then, ^ + S = ^^^^ 

Clearingof fractions, 100ar + 8a? = 189000 
Or, 108 X = 189000 

Whence, x = 1T50, rent last year. 

43. Let X = the original capital. 

Then a: + ^ — 3000 = ^ — 3000^ = capital at the 



3000 



100 5 

commencement of the second year, 

V^ - 3000 + ^^(Y_ 3000)- 

= lQf — 300o) — 3000 = capital at the end of the 
second year. 



SIMPLE EQUATIONS. 69 



60 a: 
100 



49 a; 
26 


7a 
6 


— a : 








X = 


20 a 
8 


= 20 X 1000. 








X = 


: the amount. 






Sx 

7 


+i= 


930 



Hence, ^ (^ — 300o) — 3000 = a; + 
Or, «-_?1222_3000 = ?^ 

25 5 

Clear, effractions, 49 a: — 105000 — T5000 = 40 a: 

Transp. and uniting, 9 a? = 180000 

Whence, x = 20000, the capital. 

KoTB. The letter a may be used in place of 3000, and we shall obtain 

7 X 7 /7 X \ 

a and -i — — a\ — a aa expressions for the capital at the times 

above specified. The equation becomes 



which gives 

45. Let 

Then, 

Clearing effractions, 24 a: + T a; = 930 X 56 

Or, 31 X = 930 X 56 

Whence, a: = 30 X 56 

Or, X = 1680, the am't req. 

47. Let X = the greater part, 
and 34 — a? = the less part. 

Then, a: — 18 : 18 — (34 — a?) :: 2 : 3 

Or, a: — 18 : a: — 16 : : 2 : 3 

Converting the proportion to an equation (Art. 166), 

3 (a: — 18) = 2 (a: — 16) 
Or, 3 a: — 54 = 2 X — 32 

Transposing and uniting, x = 22, the greater part. 
Then, 34 — x= 12, the less part. 

48. TiBST Solution. 

Let a; = no. dollar pieces, 

and 2j64 — a: = no. eagles. 

Then, ar : 264 — a: : : 9 : 2 
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Mult. ext. and means, 2 x = 2376 — 9 a? 
Transp. and uniting, 11 a? = 2376 

Whence, x = 216, no. dollar pieces. 

Then, 264 — a; = 48, no. eagles. 

Second Solution. 



49. 



Let 


9 a: = the number of dollar pi< 


and 


2 a: = the number of eagles. 


Then, 


9 a: + 2 a: = 264 


Or, 


11 a: = 264 


Whence, 


a; = 24 


Then, 


2 a? = 48, no. eagles. 


Also, 


9 a; = 216, no. dollar pieces. 


Let 


3a: = age of one. 


and 


4 a: = age of the other. 



Then, 3a: — 6:4a:— 5::2:3 

Mult, extremes and means, 9a: — 15= 8 a: — 10 
Transposing and uniting, a; = 5 

Whence, 3 a: =: 15, age of one. 

Also, 4 a: = 20, age of other. 

50. First Solution. 

Let X = the price per yard. 

Then - = length of first piece, 

and — — = — = length second piece. 

From the conditions, - + 10 : ^; — h 10 : : 6 : 6 
a; ' 2 X * 

Mult. ext. and means, 1- 60 = r 1-50 

z * 2 X * 

Clear, of fractions, 60 + 120 a: = 65 + 100 x 

Transposing and uniting, 20 a: = 5 

Whence, x = ^ 
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Then, - = 20, length of first. 

13 
Also, ^— = 26, length of second. 

Second Solution. 

As the price of each per yard is the same, it follows 

that the lengths of the two pieces must be in the ratio 

of their full prices ; that is, as 5 to 6.50, or 10 to 13. 

Let 10 aj == length of first piece, 

and 13 aj = length second piece. 

Then, 10 a: + 10 : 13a: + 10 : : 6 : 6 

Mult. ex. and means, 60a: + 60 = 65 a: + 60 

Transp. and uniting, — 5 a: = — 10 

Whence, a: = 2 

Then, 10 a: = 20, length of first. 

Also, 13 a: = 26, length of second. 

Note. This problem furnishes a good opportunity for the use of neg- 
ative exponents. If x represent the price per yard, then 6xr-^ and 

13 

— x-^ will represent the lengths of each, and 

5 ar-i + 10 : Y ar-i + 10 :: 5 : 6, 

18 
from which x-^ = 4, 6 x-^ = 20, and — ar-i = 26. 

52. Let X = A's capital, 

and 6300 — x = B's capital. 



Then, 12 a: = 8 (6300 — x) 

Or, 12 a: = 50400 — Sx 
Transposing and uniting, 20 a: = 50400 

Whence, x = 2520, A's capital. 

Then, 6300 — x = 3780, B's capital. 

64. Let X = no. days he worked, 

and 48 — x = no. days he was idle. 

Then 2 a: = am't rec'd for labor, 

and 48 — x = am't deducted for board. 



From the conditions, 2 a: — (48 — a:) = 42 
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Or, 2 a: — 48 + a: = 42 

Transposing and uniting, 3 a: = 90 
Whence, x = 30, no. days he worked. 



^5- Let X = no. quarts in each. 

Then x — 34 = no. quarts left in first, 

and X — 80 = no. qta. left in second. 

From the conditions, x — 34 = 2 (a; — 80) 

Or, a: — 34 = 2 a: — 160 

Transp. and uniting, — a: = — 126 

Or, X = 126, no. quarts in each. 



56. Let a: = no. persons. 

Then -^ X 18 = 12 a? = am't rec'd by two thirds, 

and I X 30 = 10 a? = am't rec'd by one third. 

Therefore, 12 a; + 10 a: = 660 
Or, 22 a? = 660 

Whence, x = 30, no. persons. 

6T. Let . a; = weight of the body. 

Then 12 + I = weight of the taU, 

and 24 + ^ = weight of the fish. 



Prom the conditions, a; = 12 + 12 + - + 26 



X 



Or, a; = 50 + ^ 

Clearing of fractions, 2 a: = 100 + ar 

Whence, x = 100, weight of body. 

Then, 24 + ?^ = lU, weight of fish. 
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58. Let X = rate river flows. 

Then 9 + ^ = rate he moves down, 

and 9 — x = rate he moves up. 

Therefore, 9 + a; = 2 (9 — ar) 

Or, 9 + a? = 18 — 2 ic 

Transposing and uniting, 3 a: = 9 

Whence, a: = 3, rate river flows. 

60. Let X = number of hogs, 
and 35 — x =. number of pigs. 

Then, 1250 x + 250 (35 — x) = 19T50 

Dividing by 250, 5 a; + 35 — a: == t9 
Transposing and uniting, 4 a; = 44 

Whence, x = 11, no. hogs. 

Then, . 35 — a: = 24, no. pigs. 

61, Let X = her age. 

Then - = half of the remainder. 

4 



Therefore, a: — | — | = 19 

Clearing of fractions, 4a; — 2a: — aj=76 
Uniting, x = 16, her age. 

62. Let X = price of the clothes. 

Then ^^ = monthly wages. 



Therefore, 1 (^^it^) = 33i + a: 

n^ 630 + 7 a; 135 , 

Or, _^__=_ + ^ 

Clearing effractions, 630 + 7 a: = 405 + 12 a: 

Transposing and uniting, — 5 a; = — 225 

Whence, x = 45, price of clothes. 
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63. Let X = cost of the house, 

and a = 12000 = whole am't of money. 

Then — - — X ttvq = income at 4 per cent, 
and X T^ = income at 5 per cent. 



mt /. 4a — 4a:, 10 a — 10 ar ^^^ 

Therefore, ____ + ___ = 392 

Clearingoffractions, 4a — 4a: + 10a— 10a:=llT600 
Transposing and uniting, 14 a — 14 aj = 117600 

Dividing by 14, a — x = 8400 

Whence, x=za — 8400 = 12000 — 8400 

Or, X = 3600, cost of the house. 

64. Let X = no. children, 

and 3 a; — 8 = amount of money. 

Therefore, 3'a;— 8 = 2ar + 3 

Transposing and uniting, a; = 11, no. children. 

66. Let 20 a: = A's sum, 

12 aj == B's sum, 
and 18 a? = C's sum. 



Then, 20 a: + 12 a: + 18 a: = 11800 
Uniting, 60 a: = 11800 

Whence, a: = 236 

Then, 20 a? = 4720, A's sum. 

Also, 12 a: = 2832, B's sum, 

and 18 a: = 4248, C's sum. 

66. Let X = his money at first. 

Then 2 a: — 16 = money at close of first eve., 
4a: — 32 — 16=4a: — 48 = money at close of second eve , 
8 a: — 96 — 16 =8 a: — 112 = money at close of third eve., 
16a: — 224 — 16=16a: — 240 = money at close of fourth eve. 
Therefore, 16 a: — 240 = 
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Or, lQx = 240 

Whence, x = 15, his money at first. 

NoTB. The preceding solation may be abbreyiated by the ase of a for 
IG, when the different quantities become 2x — a, 4x — 3a, Sx — la, 
and 16 X — 15 a; and the equation becomes 

16x=sl5a, orax=15a, 
whence or = 15. 

67. Let X = the number. 

Then, ^ + 1 + 1 + 1=126 

Clearing of fractions, 

40a; + 10a: + 8a: + 5a: = 5040 
Uniting, 63 a? = 5040 

Whence, x = 80, the number. 

68. Let X = whole no. dollars. 

Then 2 + ?^ = ^-^i? = no. taken by A, 

10 + a: 5 a: — 10 i rx u a 

X ^ — = ^ — = no. left by A, 

and 3 + J-(^-^- 3) = ?^ili£=no. taken by B. 

Clear, effractions, 60 + 6a; = 80 + 5a? 

Transp. and uniting, x = 20, whole no. dollars. 

Then, — -^ = 5, no. taken by each. 

69. Let X = the number. 

Then, i^ = a:-2 

Clearing of fractions, S x — 8 = 2a: — 4 
Transposing and uniting, a; = 4, the number. 

Ans. 4. 
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TO. Let X = no. days required. 

Then - = part cons, by man in one day. 

Also ^ = part cons, by wife in one day, 

and tV = P^r* cons, by both in one day. 

Therefore, n = 5 + ^ 

Clearing of fractions, 6 a: = 60 + 2 a; 

Transposing and uniting, 3 a: = 60 

Whence, x = 20, no. days required. 

11, First Solution. 

Let X represent the number of hour spaces passed over 
by the hour-hand from 12 o'clock until the time when 
the hands will next be together. Then 12 a; will repre- 
sent the number of hour spaces passed over by the minute- 
hand during the same time, for the latter moves 12 times 
as fast as the former. 

In order that the two may be together, the minute- 
hand must first move once around the whole dial, or 12 
hour spaces, and then over the same space that the hour- 
hand has passed over. 

Hence, 12 a? = 12 + a; 

Transp. and uniting, 11 a? = 12 
Whence, ar = 1 ^, no. hours req. 

l^ij. h. = 1 h. 5t^ m. 

Note. If x represent the namber of minute spaces passed over by 
the minute-hand, then the equation becomes 

a: = 60 + 1^, or 12a: = 720 + a?j 

whence, 11 x = 720, and x = 65^ minutes. 

Second Solution. 

As it is evident that the hands cannot be together 
until after the minute-hand has again passed the 12 
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mark, let x represent the number of minute spaces passed 
over by the minute-hand after 1 o'clock, or its distance 
from the 12 mark at the required time. At 1 o'clock 
the hour-hand is 5 minute spaces from 12, and while the 
minute-hand moves over x spaces, the hour-hand must 

pass over — ; hence 5 + — will also represent the dis- 

tance of the hour-hand from the 12 mark at the required 
time. 

Then, a: = 5 + ^ 

Clearing of fractions, 12 aj = 60 -|- a: 

Transp. and uniting, 11 a; = 60 

Whence, x = 5y\, no. min. after 1. 

T2. If the number in the first flock increased by 2 
is equal to the number in the second diminished by 2, 
then the second flock numbers 4 more than the first. 
Again, if the number in the first increased by 2 is equal 
to the number in the third multiplied by 2, then the 
third numbers one half as many as the first increased 
by 2. Furthojr, if the number in the third multiplied by 
2 is equal to the number in the fourth divided by 2, 
then the fourth numbers four times as many as the 
third. 

Let a: = no. in the first 

Then x -|- 4 = no. in the second, 

"^ = no. in the third, 

and 2 a: -|^ 4 = no. in the fourth. 

Therefore, a: -|-x-|-4-|-^±-? -|-2a: + 4 = 90 
Or, 4 ar + 8 -f -+- = 90 

Clearing effractions, 8 a: + 16 -|-a; + 2 = 180 
Transposing and uniting, 9 ar = 162 

7* 
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T3. 



Whence, 
Then, 

Also, 

And, 

Let 
and 

Then 



a: = 18, no. in first, 
a; + 4: = 22, no. in second. 
x + 2 



and 

Therefore, 
Or, 



10, no. in third. 
2 a? + 4 = 40, no. in fourth. 

X = duty per lb. after reduction, 
m = no. lbs. originally consumed. 

— - = no. lbs. afterwards consumed, 

6 »i = original revenue, 

— -— = revenue after reduction. 



3 mx 



2 
B m X 
2 
Sx 



6m 



6 m 
~3" 



==: 4 W 



Dividing by w, -— = 4 

Multiplying by 2, 3 a: = 8 

Whence, x = 2§, duty per lb. after reduction. 

Note. The above equation may be obtained without the use of m, as 
follows : If the amount consumed had remained the same, the revenue's 
falling one third would have been caused by reducing the duty one third, 
that is, to 4 cents a pound. Again, the increase of one half in consump- 
tion had the same effect upon the revenue as an increase of one half in 

the duty on a pound. Hence, a; + 5 = 4. 



w. 



Let 
Then 

and 



X = no. greyhound's leaps. 
-— = whole no. hare's leaps, 

— = hare's leaps aft. grey, starts. 



¥=¥+^0 



Therefore, :::^ = ^ + 60 " 

2 3 

Clear, of fractions, 9 a; = 8 a: + 300 

Transp. and uniting, x = 300, no. greyhound's leaps. 
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75. Let X = no. men on a side at first. 

Then a:^ + 21 = the whole no of men. 

Therefore, (a; + l)^ = ar» + 21 + 200 

Or, ar» + 2a: + l=ar» + 221 

Whence, 2 a; = 220 

Dividing by 2, a? = 110 

Squaring, a^ = 12100 a 

Thtn, ar» + 21 = 12121, whole no. men. 



SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

(Art. 172, pp. 138-140.) 

= 23 (1) 

10 (2) 



( 2a; + 3y = 
2- Given i5.-2y = 



Transp. 3 y in (1) and div. by 2, -x = ?i_-L£ (3) 

Transp. 2 y in (2) and div. by 5, ar = ISjtH (4) 

ByC3),(4),andAx.r, 10±2y_23-3, ^^^ 

Clearing of fractions, 20 + 4 y = 115 — 15 y (6) 

Transposing and uniting, 19 y = 95 (7) 

Dividing by 19, y = 5 (8) 

Substituting in (4), x = ^^"^^^ = 4 (9) 



3. Given 



4x+ y = 34 (1) 

a: + 4y=16 (2) 



From(l), ^ = ^^ (3) 

From (2), ar=16 — 4y (4) 
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ByAx. t, ?irijf=16_4y (5) 

Clearing of fractions, 34 — y = 64 — 16 y (6) 

Transposing and uniting, 15 y = 30 (T) 

Whence, y = 2 (8) 

Substituting in (4), a: = 16 — 8 = 8 (9) 



4. Given 



5ar — 3y = 9 (1) 

2 a: + 5 y = 16 (2) 



From (1), X = ^^^ (3) 

From (2), x='-^^ (4) 

ByAx.Y, 9^3^^16-5^, ^^^ 

Clearing of fractions, 18 + 6 y = 80 — 25 y (6) 

Transposing and uniting, 31 y = 62 (7) 

Whence, y = 2 (8) 

Substituting in (3), x = ?-^=z3 (9) 



5. Given ^ 



(7a: + 3y = 
{5a: + 2y = ! 



9 (2) 

From(l), y = ^^^ (3) 

From (2), 3^ = ^^ W 

T>A»T 9 — 6a: 13— 7a: ,«. 

By Ax. 1, g— = 3 (6) 

Clearing of fractions, 2T — 15 x = 26 — 14 x (6) 
Transposing and uniting, — x = — 1 
Or, a: = 1 ^ 

Substituting in (4), y = — r— = 2 ( 
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6. Given io"~I'' = ~i 



-7y = _15 (1) 

9 (2) 



From(l), 0:=^^^ (3) 

From (2), ^ = —6^ W 

By Ax. 1, -^ = -^^ (5) 

Multiplying by 24, 21 y — 45 = 12y + 36 (6) 

Transposing and uniting, 9 y = 81 (t) 

Whence, y = 9 (8) 

Substituting in (4), x = ^^-i^ z= 6 (9) 



6 



7. Given 



( 14 ar + 6 y = 
( 6 a: — 46 = 4 y 



8. Given 






(1) 

(2) 



Prom(l), y = _iif = _Lf (3) 

J? /o\ 6 a; — 46 3 x — 23 

From (2), y = ^ = (4) 

•D A »T 8 o; — 23 7 X 

By Ax. 7, 2 = — X (^) 

Clearing of fractions, 9 a; — 69 = — 14 a; (6) 

Transposing and uniting, 23 a; = 69 (T) 

Whence, a: = 3 (8) 

Substituting in (3), y = — ^-—^ = — 7 (9) 



(1) 
(2) 



Clearing (1) of fractions, 3 a: + 2 y = 42 (3) 

Clearing (2) of fractions, 2 a: + 3 y = 48 (4) 

From (3), x=z'^-^^ (5) 
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From (4), x = ^^^ (6) 

ByAx.T, 42-^^^48-3, (,^ 

Clearing of fractions, 84 — 4 y = 144 — r 9 y (8) 

Transposing and uniting, 5 y = 60 (9) 

Whence, y = 12 (10) 

Substituting in (5), x = ^^-^ = 6 (11) 



9. Given \sx-y = 2 



(1) 
(2) 

From(l), a:=n — 2y (3) 

From (2), ^ = -t~ (^^ 

ByAx. T, n_2y=?ii? (5) 

Clearing of fractions, 61 — 6 y = 2 + y (6) 

Transposing and uniting, — T y = — 49 (T) 

Whence, y = T (8) 

Substituting in (3), a: == It — 14 = 3 (9) 



10. Given 




(1) 
(2) 



Clearing (1) of fractions, a: — 2 y = 2 (3) 

Clearing (2) of fractions, 2 a: — y = 16 (4) 

From (3), a; = 2 + 2 y (6) 

From (4), ^='-^ (6) 

By Ax. 7, 2 + 2y='^ty (7) 

Clearing of fractions, 4 + 4 y = 16 + y (8) 

Transposing and uniting, 3 y = 12 (9) 

Whence, y = 4 (10) 

Substituting in (5), a: == 2 + 8 = 10 (11) 
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11. Given -{. ^_ 

r-^+ o^=l (2) 



Clear. (1) of fractions, a;+y-[-5a: — 6y = (3) 

Clear. (2) of fractions, 2a:-|-2y+5ic — 5y = 10 (4) 

Keducing (3), 3 a? — 2 y = (6) 

Keducing (4), Y a: — 3 y = 10 (6) 

From (5), x = \^ (7) 

From (6), x=i^±^ (8) 

ByAx.Y, y=^^±^ (9) 

Clearing of fractions, 14 y == 30 + 9 y (10) 

Transposing and uniting, 5 y = 30 (11) 

Whence, y = 6 (12) 

Substituting in (7), x = ^-^ = 4 (13) 



-x + S 



12. Given 




(1) 
(2) 



Clearing (1) of fractions, a; + 8 + 24 y = 84 (3) 

Clearing (2) effractions, y + 6 = 69 — 15 a: (4) 

Keducing (3), ar + 24 y = 76 (6) 

Seducing (4), 16 a: + y = 63 (6) 

From (5), a: = 76 — 24 y (7) 

From (6), ^ = ^^ (^) 

By Ax. 7, 76-24y=-^^ (9) 

Clearing of fractions, 1140 — 360 y = 63 — y (10) 

. Transposing and uniting, — 369 y = — 1077 (11) 

Whence, y = 3 (12) 

Substituting in (8), x = ^^^ = 4 (13) 
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(Art. 178, pp. 140-142.) 







a: + 4y=16 
4a: + y = 34 


(1) 


3. Given 




(2) 


From (ij, 




a? = 16 — 4 y 


(3) 


Substituting in (2), 


4< 


;i6-4y)+y = 34 


W 


Expanding, 




64 — 16y + y = 34 


(5) 


Transposing and uniting, 


— 15y = — 30 


(6) 


Whence, 




y = 2 


0) 


Substituting in (3), 




a:=:16 — 8 = 8 


(8) 


4. Given 




a: + 2y=18 
2a:— y=l 


(1) 
(2) 


From (1), 


ar=18 — 2y 


(3) 


Substituting in (2), 


2( 


(l8-2y)-y = l 


(4) 


Expanding, 




36— 4y— y=l 


(5) 


Transposing and uni 


ting. 


— 5y = — 35 


(6) 


Whence, 




y=^ 


0) 


Substituting in (3), 




a;=18 — 14 = 4 


(8) 






(a:+y=13 
a: — y = 3 


(1) 


6. Given 




(2) 


From (1), 


a:=13— y 


(3) 


Substituting in (2), 




13— y — y = 3 


(4) 


Transposing and uniting. 


— 2y = — 10 


(5) 


Whence, 




y = 5 


(6) 


Substituting in (3), 




a: = 13 — 6 = 8 


0) 






f|-y = i 


(1) 


6. Given 




V V 






ions, 


V-|=8 


(2) 


Clearing (1) of fracti 


X — 2y = 2 


(3) 


Prom (3), 




a: = 2 + 2y 


(*) 
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Substituting in (2), 2 + 2y — 1 = 8 (5) 

Clearing (5) of fractions, 4 -}- 4 y — y = 16 (6) 

Transposing and uniting, 3 y = 12 (f ) 

Whence, y = 4 (8) 

Substituting in (4), a: = 2 + 8 = 10 (9) 

, p. (3a: + 6y = 40 (1) 

'• ®^^^^ i a: + 2y=14 (2) 

From (2), a: = 14 — 2 y (3) 

Substituting in (1), 3 (14 — 2 y) + & y = 40 (4) 

Expanding, 42 — 6 y -j- 6 y = 40 (6) 

Transposing and uniting, — y = — 2 (6) 

Whence, y = 2 ) (Y) 
Substituting in (3), a: = 14 — 4 = 10 J ^^^' (8) 

8. Given r:^"^=2 (2) 



j 5a: + 3y = 



From (2), a: = 8 + y (3) 

Substituting in (1), 6 (8 + y) + 3 y = (4) 

Expanding, 40 + 6 y + 3 y = (6) 

Transposing and uniting, 8 y = — 40 (6) 

Whence, y = — ^ 0) 

Substituting in (3), a? = 8 + (— 6) = 3 (8) 

o p. (6x + 5y=n (1) 

^' «^^^^ i 4a:-3y=T (2) 

From(l), ^ = ^— (3) 

Substituting in (2), 4 (^^-=-^) — 3 y = Y (4) 

Expanding, = — ^ — 3 y = ? (5) 

Clearing of fractions, 164 — 10 y — 9 y = 21 (6) 

Transposing and uniting, — 19 y = — 133 (7) 
8 
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Whence, y = ' (8) 

"6" 



77 QK 

Substituting in (3), x = — ^ — = 1 (9) 



10. Given 






il = 6 (1) 



1 = 6 (2) 



rrom(l), f = «-T (3) 

Substituting in (2), 2 (c — ^) + | = 6 (4) 

Expanding, 12 — ^ + 1 = 6 (5) 

3 V 

Transposing and uniting, g^ = — 6 (6) 

Multiplying by — f, y = 10 (Y) 

r 90 

Substituting in (3), ^ = 6 — y = 2 (8) 

Multiplying by 3, a: = 6 (9) 

Perhaps the pupil could more readily solve these equa- 
tions as follows : 

Clearing (1) of fractions, 6 a; + 6 y = 90 (3) 

Clearing (2) of fractions, 10 a: + 3 y = 90 (4) 

From (3), x = ^Izill (6) 

Substituting in (4), 180 — 12 y + 3 y = 90 (6) 

Transposing and uniting, — 9 y = — 90 (Y) 

Whence, y = 10 (8) 

Substituting in (6), x = ^llZ^ — 6 (9) 



11. Given 




(1) 

(2) 



Clearing (1) of fractions, a; + 2 -j- 24 y = 93 (3) 
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Clearing (2) of fractions, y + 6 + 40 ar = 768 (4) 

Reducing (3), a: + 24 y = 91 (5) 

Reducing (4), 40 a: +- y = T63 (6) 
From (5), a: = 91 — 24 y (7) 

Substituting in (6), 40 (91 — 24 y) + y = 763 (8) 

Expanding, 3640 — 960 y + y = '^63 (9) 

Transposing and uniting, — 969 y ±= — 2877 (10) 

Whence, y = 3 (11) 

Substituting in (7), a: = 91 — 72 = 19 (12) 



12. Given 



|2a: + |-17 = 



5 = (1) 

(2) 

Clear. (1) of fract. and transp., 6 a: + 3 y = 76 (3) 

Clear. (2) of fract and transp., 6 a: + y = 51 (4) 
From (4), y = 51 — 6 a: (5) 

Substituting in (3), 6 a: + 3 (51 — 6 a:) = 75 (6) 

Expanding, 6 a: + 153 — 18 a: = 75 (7) 

Transposing and uniting, — 13 a: = — 78 (8) 

Whence, a: = 6 (9) 

Substituting in (5), y = 51 — 36 = 16 (10) 



13. Given 




(1) 
= If (2) 



Clear. (1) of fract., a: + y — 4a: + 4y = (3) 

Clear. (2) of fract., a: + y + a: — 2y=7 (4) 

Uniting terms in (3), — 3a:4-5y = (5) 

Uniting terms in (4), 2 a: — y = 7 (6) 

From (6), y = 2 a: — 7 (7) 

Substituting in (5), — 3 a: + 6 (2 a: — 7) = (8) 

Expanding, — 3 a: -f 10 a; — 35 = (9) 

Transposing and uniting, 7 a; = 36 (10) 

Whence, a: =6 (11) 

Substituting in (7), y = 10 — 7 = 3 (12) 
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(Aet, 174 
3. Given 


, pp. 142-144.) 

4x + 3y = 25 
12 a: — 6y=30 


(1) 
(2) 


Equation (1), 
Dividing (2) by 2, 


4 a: + 3 y = 25 
6a: — 3y=15 


(3) 


Adding (1) and (3), 10 a; = 40 
"Whence, x := 4 
Substituting in (1 ), 16 + 3 y = 25 
Transposing and uniting, 3 y = 9 
Whence, y = 3 


(5) 
(6) 
0) 
(8) 


4. Given 


(3 a;— y =22 
J2« + 4y = 24 


(1) 
(2) 


Multiplying (1) by 2, 
Dividing (2) by 2, 


6 a: — 2 y = 44 
a:+2y=12 


(3) 


Adding (3) and (4), T a; = 66 
Whence, x=8 
Substituting in (1), 24 — y = 22 
Transposing and uniting, — y = — 2 
Or,- y = 2 


(5) 

(6) 

0) 
(8) 

(9) 


5. Given 
Multiplying (1) by 6, 


(a: + 8y = 44 

|6a: + y = 29 

6 a: + 48 y = 264 


(1) 
(2) 
(3) 


Subtracting (2) from (3), 47 y = 235 
Whence, y = 5 
Substituting in (1), x + 40 = 44 
Transposing and uniting, z^i 


(4) 
(5) 
(6) 

a) 


6. Given 


( 23 a: — 8 y = 70 
I Bar — 2y = 40 


(1) 
(2) 


Multiplying (2) by 4, 
Equation (1), 


32 a: — - 8 y = 160 
23x — 8y= 70 


(3) 


Subtracting (1) from (i 


3), 9a;= 90 


(4) 
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Whence, a: = 10 (6) 

Substituting in (2), 80 — 2 y = 40 (6) 

Transposing and uniting, — 2 y = — 40 (7) 

Whence, y = 20 (8) 



7. Given 



4 x — 6 y = (1) 

x-y=l (2) 



Multiplying (2) by 4, 4 a? — 4 y = 4 (3) 

Equation (1), 4 a; -^ 6 y = 

Subtracting (1) from (3), y = 4 Ana. (4) 

Substituting in (2), a; — 4 = 1 (5) 

Transposing and uniting, x= 6 Ana. (6) 

( a: + y = 35 (1) 

8. Given j?^ + y = 18 (2) 



Dividing (2) by 3, ? + l| = ^ (3) 

Clearing (3 ) of fractions, 2 a: + 3 y = 84 (4) 

Multiplying (1) by 2, 2 a: + 2 y = TO (6) 

Subtracting (5) from (4), y = 14= (6) 

Substituting in (1), a; + 14 = 35 (1) 

Transposing and uniting, a; = 21 (8) 

7a: , 4y 



9. Given 



I 12 6 



29 (1) 

(2) 



Clearing (1) effractions, 63 a; + 32 y = 2088 (3) 

Clearing (2) of fractions, 11 a; — 10 y = 84 (4) 

Multiplying (3) by 6, 315 a: + 160 y = 10440 (5) 

Multiplying (4) by 16, 176 a:— 160 y= 1344 (6) 

Adding (5) and (6), 491 a: =11784 (7) 

Whence, a: = 24 (8) 
8* 
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Substituting in (4), 264 — 10 y = 84 (9) 

Transposing and uniting, — 10 y = — 180 (10) 

Whence, y=18 (H) 



, ^. , 2x + y=35 (1) 

1. Given 



(Art. 175, pp. 144-146.) 

C 2x + y=; 

l5x — Sy=21 (2) 

From (1), y = 35 — 2 a: (3) 

Substituting in (2), 6 ar — 3 (35 — 2 ar) = 2T (4) 

Expanding, 5 a; — 105 + 6 x = 27 (5) 

Transposing and uniting, 11 x = 132 (6) 

Whence, a: = 12 (T) 

Substituting in (3), y = 35 — 24 = 11 (8) 



2. Given 



S5y — 5 ar = 15 
3a: + 5y=n 



3. Given 



Clearing (1) of fractions, 2 a: + 3 y = T2 (3) 

Clearing (2) of fractions, 3 ar + 2 y = 68 (4) 



From (3), y = 3 (5) 

From (4), y = ^^^ (6) 

_ . . 72 — 2 a: 68 — 3 a: .^. 

ByAx. Y, 3— = — 2 — 0) 

Clearing of fractions, 144 — 4 a; = 204 — 9 x (8) 



U^6 


:5| 




2x+3y = 


T2 




3ar + 2y = 


68 




f / 


72- 


-2a: 


y 




3 


y = 


68- 


-3a: 
2 


72 — 2 a: 


68- 


— 3a: 



(1) 

(2) 



Subtracting (1) from (2), 8 a: = 66 (3) 

Whence, x = 1 (4) 

Dividing (1) by 5, y — « = 3 (5) 

Substituting (4) in (5), y — 7 = 3 (6) 

Whence, y = 10 (7) 



i+|=6 (1) 

(2) 
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Transposing and uniting, 6 x = 60 (9) 

Whence, a: =12 (10) 

Substituting in (6), y = ^^-^ = 16 (11) 



4. Given 



3a: + 2y = 4 (1) 

4 y — 3 a; + 1 = (2) 



Adding (1) and (2), 6 y -j- 1 = 4 (3) 

Transposing and uniting, 6 y = 3 . (4) 

Whence, y = j. (5) 

Substituting in (1), 3 a: + 1 = 4 (6) 

Transposing and uniting, 3 a: = 3 (T) 

Whence, a: = 1 (8) 

. p. (_4a: + 3y = 45 (1) 

^- ^^^^^ I 2y + 6a: = 4 (2) 

Multiplying ( 1 ) by 3, — 12 a: + 9 y = 136 (3) 

Multiplying (2) by 2, 12 a: + 4 y = 8 (4) 

Adding (3) and (4), 13 y = 143 (5) 

Whence, y=ll (6) 

Substituting in (2), 22 + 6 a: = 4 (T) 

Transposing and uniting, 6 a: = — 18 (8) 

Whence, a: = — 3 (9) 



6. Given 






= 35 (1) 

45 (2) 



Clearing (1 ) of fractions, ar -j- 2 y = 70 (3) 

Clearing (2) of fractions, 3 ar -j-y ::= 135 (4) 

From (3), a;=10— 2y (5) 

Substituting in (4), 3 (TO — 2 y) + y = 135 (6) 

Expanding, 210 — 6 y + y = 135 (7) 

Transposing and uniting, — 5y = — 75 (8) 
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Whence, y = 15 (9) 

Substituting in (6), a: = TO — 30 = 40 (10) 



•j. Given 



10x = 2 + 2y (1) 
4 y = 20 — 4 a? (2) 



Reducing (1), 5 a: — y = 1 (3) 

Reducing (2), a: + y = 5 (4) 

Adding (3) and (4), 6 a: = 6 (5) 

Whence, x=l (6) 

Substituting in (4), 1 + y = 6 (Y) 

Whence, y = 4 (8> 



8. Given 



(a: — y = i 



x + y = a (1) 

b (2) 



Adding (1) and (2), 2x = a + b (3) 

Whence, x = "^ (4) 

Subtracting (2) from (1), 2 y = a — 5 (5) 

"2" 



Whence, y = — - — (6) 



9. Given 



( ?x — 3y = 

I 2a; — 2y = 



? X — 3 y = 26 (1) 

6f (2) 



Multiplying (1) by 2, 14 a; — 6 y = 52 (3) 

Multiplying (2) by 3, 6 a: — 6 y = 20 (4) 

Subtracting (4) from (3) 8 a: = 32 (6) 

Whence, a: = 4 (6) 

Substituting in (4), 24 — 6 y = 20 (7) 

Transposing and uniting, — 6y = — 4 (8) 

Whence, y = § (9) 

10. Given j "4 2 = ^ ^^^ 

(2 a: — 2y=16 (2) 

Clearing (1) of fractions, 3 a: — 2 y = 36 (3) 
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Subtracting (2) from (3), a: = 20 (4) 

Dividing (2) by 2, a; — y = 8 (6) 

Subtracting (5) from (4), y = 12 (6) 



11. Given 



J 4 ^ 5 
l-3- + y = 



= 6 (1) 

18 (2) 



Clearing (1) of fractions, 6 a: + 4 y = 100 (3) 

Clearing (2) of fractions, 2 a: + 3 y = 54 (4) 

From (3), ^, = 15^^ (5) 

From (4), ' a:=5i^ (6) 

ByAx.Y, 100_4y^54_3j, ^^^ 

Clearing of fractions, 200 — 8 y = 270 — 15 y (8) 

Transposing and uniting, 1 y = 70 (9) 

Whence, y = 10 (10) 

Substituting in (6), x = 5i:=i2 = 12 (H) 



Note. The last equations are readily solved by multiplying (2J by 4 

7 X 
and subtracting the resulting equation from (3), thus obtaining -^ = 28. 



12. Given j2y + Y9 = 5a: (1) 

Transp. and uniting in (2), 2 a: — y = 11 (3) 

From (3), y = 2 a: — 11 (4) 

Substituting in (1), 4 a: — 22 + 79 = 5 a: (5) 

Transposing and uniting, — x =z — 57 (6) 

Whence, a: = 57 (7) 

Substituting in (4), y = 114 — 11 = 103 (8) 
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13. Given 


J X ^ y 16 
\.x~ y 5 


(1) 
(2) 


Multiplying (1) by 3, 


3 , 6_ 11 


(3) 


Subtracting (2) from (3), 


2 2 
y — 6 


(4) 


Dividing by 2, 


1 1 
y~5 


(5) 


Whence, 


y = 5 


(6) 


Substituting (4) in (1), 


X, 2_11 
X ' 5 ~ 16 


0) 


Transposing and uniting, 


1_ 5 _1 
. X 15 3 


(8) 


Whence, 


x=3 


(9) 


14. Given 




(1) 
(2) 


Multiplying (1) by 2, 


4a!-i+6jri=3 


(3) 


Subtracting (3) from (2), 


2y-'-=i 


(*) 


Dividing by 2, 


!r'=i 


(5) 


Multiplying by 6 y. 


6=y 


(6) 


Or, 


y = 6 


a) 


Substituting (6) in (1), 


2ar7»+i = f 


(8) 


Transposing and uniting. 


2ari=l 


(9) 


Dividing by 2, 


ar-i=i 


(10) 


Whence, 


x = 2 


(11) 



NoTB. We might have diyided (2) by 2, instead of multiplying (I) 
by 2. 

It will be observed that examples 13 and 14 are similar to each other, 
in one case the fractional form being employed, and in the other nega- 
tive exponents. The pupil, of course, already understands that x-^ and 

M-i are the same as - and - . 
^ ay 
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15. Given 




(1) 
(2) 


Clearing (1) effractions, 
Clearing (2) effractions. 
Multiplying (3) by 4, 
Multiplying (4) by 3, 

Subtracting (5) from (6), 
Multiplying (3) by 3, 
Multiplying (4) by 2, 


3a; + 2y=6a 

4a?+3y=12J 
12 a; -i- 8 y = 24 a 
12 a: + 9 y = 36 J 

y = 36 6 — 24 a 
9a;+6y=18o 
8a;-i-6y = 24J 


(3) 
(4) 
(5) 
(6) 

(?) 
(8) 
(9) 


Subtracting (9) from (8), 
16. Given 


x= 18 a— 24 6 

/-2a; , 3y 9 
J 5 ' 4 ~ 20 
]3a: , 2y 61 
I 4 "•" 6 ~ 120 


(10) 

(1) 
(2) 


Clearing (1) effractions. 
Multiplying (2) by 20, 
Multiplying (3) by 15, 
Multiplying (4) by 8, 

Subtracting (6) from (5), 
Dividing by 161, 
Substituting in (3), 
Transposing and uniting. 
Whence, 


8a:+15y = 9 

15* + 8y = V- 
120 a; + 225 y = 136 
120 a; + 64 y — ^ 

161 y = -4-1 

8a:4-6 = 9 

8a; = 4 

x = i 


(3) 

(4) 
(5) 
(6) 

0) 

(8) 

(9) 

(10) 

(11) 



KoTB. Equation (2) may be wholly cleared of fractaons, if it is pre- 
ferred, prodacing 90 a; + 48 y — 61 instead of (4). From this and equa- 
tion (3), either r or y is readily eliminated. 

11. Given -< 8,j_i2« 

15 +9y=i (2) 



Clearing (1) of fractions, 8 a:4-2y+20 a;— lOOy = 666 (3) 
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Clearing (2) effractions, 8a: +12^ +136y = 16 (4) 

Uniting terms in (3), 28 a; — 98 y = 666 (5) 

Dividing (5) by T, 4 a: — 14 y = 96 . (6) 

Transp. and uniting in (4), 8 a; + 147 y = 16 (T) 

F-rom(6). ^ = '±^ (8) 

From (7), .^'-^^^^^ (9) 

By Ax. 7. ^^ + ^^^ = ^^=^(10) 

Clearing of fractions, 190 + 28 y = 16 — 14? y (11) 

Transposing and uniting, 1T6 y = — 1T6 (12) 

Whence, y = — 1 (13) 

OK 1 J. 

Substituting in (8), x = ^ = 20^ (14) 

NoTB. It is eyident that x can be very readily eliminated from (6) 
and (7) by subtraction, after multiplying (6) by 2. 

The student may find the third method of elimination so much easier 
for him as to incline him to use it altogether. He should, however, occa- 
sionally be required to employ the other methods of elimination, and be 
able to solve any example by either of the methods. 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

(Art. 176, pp. 146 - 162.) 



2. Let 

and 


and 


(2), 


X =: the greater nnmber, 
p = the less number. 


Then, 
and 


« + y=133 
X — y= 47 


(1) 
(2) 


Adding (1) 
Whence, 


2 a! = 180 
«=90 


(3) 
(4) 
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Subtracting (2) 


from 


(!)» 


2y = 86 (5) 


Whence, 






y = 43 (6) 


3. Let 






X = the men's wages, 


and 




.'■ 


y = the boys' wages. 


Then, 






4 ar + 6 y = 12 (1) 


and 


2, 




3 a; + 9 y = 81 (2) 


Dividing (1) by 


2 a: + 3 y = 36 (3) 


Dividing (2) by 


3, 




a; + 3y=21 (4) 


Subtracting (4) 


from 


(3), 


x = 9 (5) 


Substituting in 


(4), 




9 + 3y = 27 (6) 


Transposing and uniting, 


3y=18 (T) 


Whence, 






. y = 6 (8) 


4. Let 






X = value of first horse. 


and 




X 


y = value of second horse. 


Then, 


+ 4y=580 (1) 


and 




4 


a: + y = 520 (2) 


From (2), 


y = 520 — 4 a: (3) 


Substituting in 


(1). 


a; + 4 


(520 — 4 a;) = 580 (4) 


Expanding, 




^ + 


2080 — 16 a; = 580 (5) 


Transposing and uniting, 


— 15 a: = —1500 (6) 


Whence, 






X = 100 (1) 


Substituting in 


(3). 


y = 


= 520 — 400 = 120 (8) 



6. Let X = figure in tens' place, 

and y = figure in units', place. 

Then 10 a? -|- y = the number. 

From the conditions, 10x-\-i/ = 4:X-\-4:^ (1) 

and 20 ar + 2 y — 9 = 10 y + a: (2) 

Keducing (1), 2 a: = y (3) 

Reducing (2>, 19 a; — 8 y = 9 (4) 
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Substituting (3) in (4), 19 a: — 16x = 9 (5) 

Uniting terms, 3 a: = 9 (6) 

Whence, a; = 3 ^ (7) 

Substituting i!i (3), y = 3 X 2 = 6 (8) 

Hence, 10a: + y = 36 (9) 



Let 
and 



Then, 
and 



Reducing (1), 
Reducing (2), 

Subtracting (3) from (4), 
Substituting in (4), 
Transposing and uniting, 



X = lady's age, 

y = gentleman's age 



a:— Y = 3(y 
a:+? = 2(y+7) 



x — 3y = 
x — 2y = 1 

y = 2l 
a: — 42 = 7 
a: = 49 



14 



(1) 
(2) 

(3) 

(5) 
(6) 
0) 



8. Let 
and 

Then, 
and 

Clearing (1) effractions, 
Clearing (2) effractions, 

From (3), 
From (4), 

By Ax. 7, 

Clearing of fractions. 
Transposing and uniting. 
Whence, 

Substituting in (6), 



X = A's money, 
y =^ B's money. 



(1) 

(2) 

(3) 
(4) 

(5) 
(6) 

3-2 0) 

144 — 4 a? = 204 — 9 a: (8) 

6 a: = 60 (9) 

a: = 12 (10) 

68 — 36 



ix + iy = 6 
ja: + iy = 5§ 

2a: + 3y=72 
3a:-|-2y = 68 

72 — 2 a; 

68 — 3 X 
72 — 2 X 68 — 8 « 



= 16 



(11) 
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9. Let 


X = sum in one purse, 


and 


y = sum in o 


ther ] 

(1) 


purse. 


Then, 


«: + y = 84 




and 


^=13 

y 


(2) 




Clearing (2) effractions, a? = 13y 


(3) 




Substituting in (1), 


13y+y=84 


(4) 




Uniting terms, 


14y = 84 


(5) 


. 


Whence, 


y = 6 


(6) 




Substituting in (3), 


a:=13 X 6 = 78 


0) 




11. Let 


X = James's 


•age, 


and 


y = Jo 


hn's i 
4 


»ge. 


Then, 


x:y::B: 


(1) 


and 


x-\-6 :y + 6 : : 5 : 


6 


(2) 


From (1), 


4a: = 33 


1 


(3) 


From (2), 


6 a: + 36 = 5 5 


' + 30 (4) 


Transposing and uniting in (4), 6 a; — 5 y = — 


6 


(5) 


Multiplying (3) by 3, 


12 a: — 9y=0 




(6) 


Multiplying (6) by 2, 


12x— 10y = — 


12 


a) 


Subtracting (T) from 


(6), y = l2 




(8) 


Substituting in (3), 


4 a; = 36 




(9) 


Whence, 


a: = 9 




(10) 


12. Let 


X = greater number, 




and. 


y = less number. 






Then, 


a; : 24 : : a: + y : 42 


(1) 


and 


x — y : 6 : : 4 : 3 




(2) 


From (1), 


42a: = 24a: + 24y 


(3) 


From (2), 


3a: — 3y = 24 




(4) 


Reducing (3), 


3a: — 4y = 




(5) 


Subtracting (6) from 


(4),. y = 24 


(6) 



100 
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Substituting in (6), 
Whence, 



3 a: = 96 
a; = 32 



0) 
(8) 



14. Let 
and 

Then, 

and 

Multiplying (1) by 2, 

Adding (2) and (3), 
Whence, 

Substituting in (1), 
Whence, 



X = greater part, 
y = less part. 



Bx — 2^=121 
2a;-j^ 2y = 144 

5 a; = 265 
ar= 63 
53 + 2/ = T2 
. y = 19 



(1) 
(2) 
(3) 

(5) 
(6) 
0) 



16. Let 
and 

Then, 
and 

Multiplying (1) by 3, 
Dividing (2) by 30, 

Subtracting (3) from (4), 
Whence, 

Substituting in (1), 
Whence, 



a;+y = 50 
90 a: + 150^ = 4800 

3a; + 3y=160 
3a: + 6y= 160 

2^^=10 
y = 6 
a: + 6 = 60 
a: = 45 



X = no. men at $ 0.90, 
y = no. men at $ 1.60. 

(1) 



(2) 

(3) 
(4) 

(5) 
(6) 
(T) 
(8) 



16. Let X = wages of each man, 

and y = wages of each woman. 

Then, 6 ar + T y = 1640 (1) 

and Tar — 6y = 400 (2) 

Multiplying (1) by T, 36 a: + 49 y = 11480 (3) 

Multiplying (2) by 6, 36 a: — 30y= 2000 (4) 

Subtracting (4) from (3), T9y = 9480 (6) 
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Whence, y = 120 

Substituting in (1), 6 x + 840 = 1640 
Transposing and uniting, 6 a: = 800 

Whence, x = 160 

Note. Iif the last two solutions, the sums of money are 
cents throughout. 



(6) 

(8) 
(9) 



1?. Let 






X = the Dumerator, 


and 






y = the denominator. 


Therefore 






- = th€ 

y 


1 fraction 




Then, 


X 


y ~2 


(1) 


and 




y 


X 1 
+ 7-6 


8 


(2) 


From (1), 


2x 


— y = 


(3) 


From (2), 


(4), 


bx 


-y=t 




(4) 


Subtracting (3) from 




3 a; =15 


(5) 


Whence, 






x = 5 




(6) 


Substituting in (4), 




25 


_y=7 




(7) 


W hence. 






— y = — • 


18 


(8) 


Or, 






y = i8 




(9) 


Therefore, 


- s. - 




X 5 

y~is 




(10) 


19. Let 


\ 




x = 


; income • 


tax, 


and 






y = 


: assessed tax. 


Then, 


x + y = 


:30 


(1) 


and 


x + 


20* 252,_ 
100 ' * 100 — 


32J 


(2) 


From (2), 




24 a 
20 


"•" 20 — 


257 
■ 8 


(3) 


Clearing (3) of fractions. 


48 a 


, + 30y = 


1285 


(4) 


Multiplying (1) by 3 


0, 


30 a; 


+ 30y = 


: 900 


- (5) 


Subtracting (5) from 




18 x = 


: 385 


(6) 


9* 
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Whence, 


X=:=21tV 


a) 


Substituting in (1), 


21/ff + y=30 


(8) 


Whence, 


y=m 


(9) 


20. Let 


X = the first quantity. 


and 


y = the second 


quantity. 


Then, 


x-{- a = my 


(1) 


and 


y + b=:znx 


C2) 


From (1), 


— x-{'my=:a 


(3) 


Multiplying (2) hj m, mnx — my=^hm 


(4) 


Adding (3) and (4), 


mnx — x = a-\- bm 


(5) 


Whence, 


a 4- 6 TO 

x=. — ■ 

mn — 1 


(6) 


Multiplying (3) by n, — 


nx'\'mny = a n 


0) 


From (2), 


n X — y = h 


(8) 


Adding (7) and (8), 


mny — y = ^ -\- an 


(9) 


Whence, 


^^ h -\-an 


(10) 


21. Let 


X = A's money. 


and 


y = B's money. 


Then, 


^ = iy 


(1) 


and 


a: + 10=y — 10 


(2) 


Substituting (1) in (2), 


ty + lO=y-lO 


(3) 


Clearing (3) effractions. 


4y + 90 = 9y — 90 


(4) 


Transposing and uniting 


— 5 y = — 180 


(5) 


Whence, 


y = 36 


(6) 


Substituting in (1), 


a; = I X 36 = 16 


0) 


22. Let X : 


= time required by the man. 


and y- 


= time required by his wife. 


Then - == a:-i : 


= part consumed by man in 1 day. 



- = y~* = part consumed by wife in 1 day, 
and iV = part consumed by both in 1 day. 
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Hence, 


^^ + r'-^ 


(1) 


and 6 x-^ 


+ 6r' + 30r' = l 


(2) 


Multiplying (1) by 30, 


30a;-i + 30y-i = 2 


(3) 


Multiplying (2) by 6, . 


30a:-i+180y-i = 5 


W 


Subtracting (3) from (4), 


150 y-i = 3 


(5) 


Whence, 


r^ = A« 


(6) 


Therefore, 


y = 60 


(T) 


Substituting (6) in (1), 


«^-' + 3V = iV 


(8) 


Whence, 


a^' = iV— 5V = TfTr 


(9) 


Therefore, 


x = ^^ = 21^ 


(10) 


23. Let 


X = no. lbs. at a cents 


r 


and 


y = no. lbs. at h cents. 




Then 


ax:=z cost of one kind, 






.hy = cost of the other kind. 


and 


c d=z cost of the whole. 




From the conditions, 


x-i-y = d 


(1) 


and 


ax -{- b i/ = c d 


(2) 


Multiplying (1) by a. 


ax-\-ai/=zad 


(3) 


Subtracting (2) from (3), 


<^y — hf/ = ad — cd 


W 


Whence, 


d(a--c) 


(5) 


Multiplying (1) by h, 


h X -\- h y •=. h d 


(6) 


Equation (2), 


ax'\'hy:=^cd 




Subtracting (6) from (?), 


ax — bx = c d — b d 


a) 


Whence, 


d(c-h) 


(8) 


24. Let 


X = no. ounces copper. 




and 


y := no. ounces tin. 




Then § 


= — = no. cubic inches copper, 


and I 


= —f = no. cubic inches tin. 





4J 17 
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From the conditions, 


x-fy = 605 ^^^ 


' (1) 


and 


if + if = « 


(2) 


From (2), 


lY ar + 21 y = 8925 


(3) 


Multiplying (1) by IT, 


17 a; + IT y = 8585 


(4) 


Subtracting (4) from (3), 


4^ = 340 


(5) 


Whence, 


y=85 


(6) 


Substituting in (1), 


a: + 85 = 505 


0) 


Whence, 

• 


a: = 420 


(8) 


26. Let 


X = the length. 




- and 


y = the breadth. 




Then 


xy = the contents 




From the conditions, (x • 


■f 4)(y+5)=a:y+116 


(1) 


and (x 


+ 5)(y + 4)=xy+n3 


(2) 


Expanding (1), a:y-f-45^ + 5a? + 20 = a:y+ 116 


(3) 


Expanding (2), x y -\- b i 


/ + 4 a: -f 20 = a; y + 113 


(4) 


From (3), 


5 ar + 4 y = 96 


(5) 


From (4), 


4 X + 5 y = 93 


(6) 


Multiplying (6) by 6, 


25 a: + 20 y = 480 


(7) 


Multiplying (6) by 4, 


16 a: -j- 20 y = 372 


(8) 


Subtracting (8) from (T), 


9 a; = 108 


(9) 


Whence, 


a: =12 


(10) 


Substituting in (5), 


60 + 4 y = 96 


(11) 


Transposing and uniting. 


4y=36 


(12) 


Whence, 


y = 9 


(13) 



26. Let X = first sum, 

X -|- 1000 = second sum, 
X -f- 1500 = third sum ; 
and y = first rate per cent, 

y -\- 1 =z second rate per cent, 
y ^ 2 = third rate per cent. 
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Then 



X y 

Too 

(^+1000 ) (y+l) ^ 

100 
(x + 1500 ) (y + 2) _ 

100 



first income, 
second income, 
third income. 



Prom the conditions, (Hiiooo)^OM±) _ 



and 



(x + 1500) (y + 2) _ 

100 



100 
X y 



+ 80 



= i^ + iso 



100 



of fractions, 

y + 1000 = a: y + 8000 (3) 

of fractions, 

y + 3000 = 

+ 1000 y = 

+ 1500 y = 

+ 2000 y = 



Expanding (1) and clearing 
a?y + a; + 1000 
Expanding (2) and clearing 
a: y + 2 a; + 1600 
From (3), x 

From (4), 2 a; 

Multiplying (5) by 2, 2 a: 

Subtracting (6) from (T), 500 y = 2000 

Whence, y = 4 

Therefore, y -f- 1 = 5 

Also, y -f 2 = 6 

Substituting (9) in (5), x + 4000 = TOOO 

Whence, x = 3000 

Therefore, a; + 1000 = 4000 

Also, ' X -f 1500 = 4500 



(1) 
(2) 



a? y+ 15000 (4) 

TOOO (5-) 

12000 (6) 

14000 (7) 



(8) 

(9) 

(10) 

(11) 
(12) 

(13) 
(14) 
(15) 



SIMPLE EQUATIONS CONTAINING THREE OR 
MORE UNKNOWN QUANTITIES. 

(Art. 177, pp. 153 - 156.) 

( a: + 2y+ 2; = 24 (1) 

3. Given •]2x+ y + 3« = 38 (2) 

(3a: + 3y-f2« = 46 (3) 
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Multiplying (1) by 3, 


Sx + 6y + Sz = 12 


(4) 


Equation (2), 


2x-\- y-f-3« = 38 




Subtracting (2) from (4), 


a; + 5 y = 34 


(5) 


Multiplying (1) by 2, 


2x + 4y + 2^ = 48 


(6) 


Equation (3), 


3a; + 3y4-2« = 46 




Subtracting (3) from (6), 


—x+y=2 


0) 


Equation (6), 


a + 65^ = 34 




Adding (T) and (6), 


6y = 36 


(8) 


Whence, 


y = 6 


(9) 


Substituting in (6), 


a? + 30 = 34 


(10) 


Whence, 


a; = 4 


(11) 


Substituting (9) and (11) in (1), 4 + 12 + « = 24 


(12) 


Whence, 


z = S 


(13) 




4a; + 2y— « = 26 


(1) 


4. Given 


6a;4-2y — 3«=16 


(2) 




,2a:— y + 2z = 2^ 


(3) 


First Solution. 




From (1), 


2j = 4a: + 2y — 26 


(4) 


Subst. in(2), 5a? + 2y — 


3(4a:+2y — 26)=16 


(5) 


Subst. in (3), 2a:— i/-\- 


2(4a: + 25^ — 26) = 23 


(6) 


Expanding (6), 5a:-j-2y- 


-12 a: — 6y + T8=16 


0) 


Expanding (6), 2x — y 


4-8a;+4y — 52=23 


(8) 


From (T), 


Ta; + 45^=62 


(9) 


From (8), 


10a: + 3y=T5 


(10) 


From (9), 

Substituting in (10), 10 


62 — 


-fin 


. + 3f7") = «' 


(12) 


Expand, and clear, fract., -! 


l:0a:+186 — 21a: = 300 


(13) 


Transposing and uniting. 


19a:=114 


(14) 


Whence, 


a: = 6 


(15) 


Substituting in (11), 


62 — 42 

41. ^ 


(16) 


y- 4 » 


Substituting in (4), z 


= 24 + 10 — 26 = 8 


(17) 
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Second Solution. 




Subtracting (2) from (1), 


— a- + 2 z = 10 


(4) 


Multiplying (3) by 2, 


4a: — 2y + 42 = 46 


(6) 


Adding (2) and (5), 


9 X + « = 62 


(6) 


Multiplying (6) by 2, 


18a: + 2«=124 


0) 


Subtracting (4) from (7), 


19a; = 114 


(8) 


Whence, 


x=z6 


(9) 


Substituting in (6), 


54 + « = 62 


(10) 


Whence, 


e=8 


(11) 


Substituting in (3), 


12— y+ 16 = 23 


(12) 


Whence, 


y = 5 


(13) 



Note. The first eolation is given to illastrate elimination by substita- 
tion when there are three unknown quantities. 





ra: + y + « = 33 


(1) 


5, Given 


}y — x-\-z = 23 


(2) 




{z X — 1/= 1 


(3) 


Subtracting (2) from (1), 


2 a; =10 


(4) 


Whence, 


x = 5 


(5) 


Subtracting (3) from (2), 


2y = 22 


(6) 


Whence, 


y = il 


0) 


Adding (1) and (3), 


2 « = 34 


(8) 


Whence, 


Z=11 


(9) 



Note. The above equations are peculiar, from the fact that two let- 
ters may be eliminated at once. This only happens when the coeffi- 
cients of two letters may be made alike in two equations, and the signs 
either alike in the case of both letters, or different in the case of both. 



T. Given 



x + y + z=13 (1) 

u + x + i/=l1 ' (2) 

u + x-{-z=lS (3) 

lu + f/ + z = 2l (4) 

Assume * = tt + a: + y + ^ (5) 
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From (1), 


» — «=13 


(6) 


From (2), 


g — z = 11 


0) 


From (3), 


«— y=18 


(8) 


From (4), 


» — x = 21 


(9) 


Adding, and Bubstitating (5), 


4 » — » = 69 


(10) 


Or, 


3« = 69 


(11) 


Whence, 


« = 23 


(12) 


Substituting in (6), 


23 — « = 13 


(13) 


Whence, • 


M=10 


(14) 


Substituting in (t), 


23 — « = It 


(15) 


Whence, 


z = 6 


(16) 


Substituting in (8), 


23 — y = 18 


(17) 


Whence, 


y = 5 


(18) 


Substituting in (9), 


23 — a: = 21 


(19) 


Whence, 


x — 2 


(20) 



The above equations may also be solved as follows : 

Adding (1), (2), (3), and (4), 3w+3a:+3y + 3« = 69 (6) 

Dividing by 3, « -j- a: + y + ar = 23 (6) 
Equation (1), x -\-y -\- z = 13 

Subtracting (1) from (6), w = 10 (1) 

Subtracting (2) from (6), z=:6 (8) 

Subtracting (3) from (6), y = 5 (9) 

Subtracting (4) from (6), a: = 2 (10) 

iTx — 3y— «=12 (1) 

a? + 2y + 3«==U (2) 

4 a:— y + 2«=13 (3) 

From(l), z=1x — 3y—l2 (4) 

From (2), ^= ''""3"'^ (5) 

From (3), ^^ l8-4.: + y ^^^ 

Comparing(4)and(5), Ta:— 3y— 12 = 17 — g~-2y ^^^ 
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Comparing (4) and (6), 1<x;—By—12 = ^^""^""^^ (8) 

Clear, (t) of fract., 21a: — 9y— 36 = IT — a: — 2 y (9) 

Clear. (8)offract., 14a:— 6y — 24 = 13 — 4ic + y (10) 

Transp. and uniting in (9), 22x—1i/ = 63 (11) 

Transp. and unit, in (10), 18 a:— T 5^ = 3? (12) 

Subtracting (12) from (11), 4 a: = 16 (13) 

Whence, a: = 4 (14) 

Substituting in (12), T2 — 7 y = 3t (15) 

Transposing and uniting, — *7 y = — 35 (16) 

Whence, y = 5 (17) 

Substitut. in (4), « = 28 — 15 — 12 = 1 (18) 

Note. In eliminating the last time, the method of comparison is 
abandoned, becanse there is so good an opportunity to eliminate y hj 
subtraction. 



9. Given 

Adding (1), (2), and (3), 

Subtracting (1) from (4), 

Whence, 

Subtracting (2) from (4), 

Whence, 

Subtracting (3) from (4), 

Whence, 

Note. A still simpler plan for elimination would be to add the orig- 
inal equations, taken two and two. Thus (1) + (2) gires the value of 
'» (1) + (3) gives y, and (2) + (3) giyes *. 



x-\-y — z = 


(1) 


x+z-y=2 


(2) 


y-\-e — a: = 4 


(3) 


«+y+^=6 


(*) 


22 = 6 


(5) 


«=3 


(6) 


2y = 4 


0) 


y = 2 


(8) 


2a: = 2 


(9) 


x=l 


(10) 



10. Given 






10 
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Subtracting (3) from (2), 


--1 = 

a b 


w 


Equation (1), 


1+1=' 




Subtracting (4) from (1), 


■ ¥=■ 


(5) 


Whence, 




(6) 


Adding (4) and (1), 


a 


(f) 


Whence, 


a 
*=2 


(8) 


Substituting in (2), 


2 ' c 


(9) 


Whence, 


*=i 


(10) 




(1) 

11. GivQn \x + z = h (2) 

; (3) 

Subtracting (3) from (2), x — yz=:h — c (4) 

Adding (1) and (4), 2x = a + 6 — c (5) 

Whence, a? = ^ (a -|- 5 — c) (6) 

Subtracting (4) from (1), 2y=ia — h -\- c (Y) 

Whence, y = ^^ (a + c — i) (8) 

Substituting in (3), ^"^^""^ + « = c (9) 

Clearing effractions, etc. 2« = <? — a-\-h (10) 

Whence, « = J (5 -j- c — a) (11) 

Note. Examples 10 and 11 may also be solved by subtractiiig each 
equation from half the sum of the three. 



12. Given 



1 + 1 + 1 = 9 (1) 
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Adding (1) and (3), x + y — lS (4) 

Clearing (2) of fractions, 8 a? — 6 y + 9 a? = 132 (6) 

Clearing (3) of fractions, 9 ar + 8 y — 6 « = 108 (6) 

Multiplying (5) by 2, 16 a: — 12 y + 18 ;? = 264 (T) 

Multiplying (6) by 3, 2? a: + 24 y — 1 8 « = 324 (8) 

Adding (1) and (8), 43 a; + 12 y = 588 (9) 

Multiplying (4) by 12, 12 a; -f 12 y = 216 (10) 

Subtracting (10) from (9), 31 a; = 372 (11) 

Whence, a? = 12 (12) 

Substituting in (4), 12 + y = 18 (13) 

Whence, y==6 (14) 

Substituting in (1), 3 + 2 + | = 9 (15) 

Transposing and uniting, 5 = ^ (1^) 

Whence, « = 8 (17) 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING THREE 
OR MORE UNKNOWN QUANTITIES. 

(Art. 178, pp. 157-160.) 

1. Let X = price of an orange, 

y = price of an apple, 
and z = price of a pear. 

Then, 3a:4-y + 2«=14 (1) 

4a: + 3y + a: = n (2) 

and a: + 4 y + 3 2r =i: 13 (3) 

Multiplying (2) by 2, 8 a: +.6 y + 2 i? = 34 (4) 

Subtracting (1) from (4), 5 a: -j- 5 y = 20 (6) 

Dividing (5) by 5, a: -f- y = ^ (6) 

Multiplying (2) by 3, 12 a: + 9 y + 3 « = 61 (T) 
Equation (3), a: + 4y -j- 3 « = 13 
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Subtracting (3) from 
Equation (5), 


0). 

(8). 


11 « + 6 y = 38 
5 a? + 5 y = 20 




(8) 


Subtracting (5) from 
Whence, 

Substituting in (6), 
Whence, 

Substituting in (2), 
Whence, 

2. Let 
and 


6x=18 
a: = 3 
3+y = 4 

y = i 

12 + 3 + 2 = IT 

« = 2 

X = Mary's part, 
y = Isaber8 part, 
z = Jane's part, 
« = Ellen's part. 


(9) 
(10) 

(11) 
(12) 

(13) 

(14) 


Then, 
and 


2y+3« = 

3x + 2« = 

2x-\-u = 


100 
160 
90 
60 


(1) 
(2) 
(3) 
(4) 


Adding (2) and (3), 
Mult. (I) by 2, 




250 
200 


(5) 
(6) 


Subtracting (6) from 
Equation (4), 


(6). 
(4), 


X -\-u^ 
2x-\-u = 


60 
60 


0) 


Subtracting (T) from 
Substituting in (t), 


10 + « = 


10 , 
50 


V:-'f (8) 
^. (9) 



Whence, m = 40 fXiv-» (10) 

Substituting in (2), 2 y + 120 = 160 (11) 

Transposing and uniting, 2 y = 40 * . (12) 

Whence, y = 20 ^«jJWll(l3) 

Substituting in (1), 10 + 20 + « + 40 = 100 (14) 

Whence, ^ = 30 ' >^ (16) 



3. Given 



16" + 16" + 16 — ^ Vl) 

Ha^ ll M — — l^ m 

U ~ 16 *^ 16 ~ 4 ^^ 

6ar , y , 62_17 , 

I 16""+" 16 ■+■ 16 — T ^"^^ 
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Clearing (1) of fractions, 
Clearing (2) of fractions, 
Clearing (3) of fractions, 

Multiplying (5) by 4, 
Subtracting (4) from (T), 
Multiplying (6) by 3, 
Subtracting (6) from (9), 
Multiplying (10) by 3, 
Subtracting (8) from (11), 
Whence, 

Substituting in (10), 
Transposing and uniting, 
Whence, 

Substituting in (6), 
Whence, 

4. Let 



1 x+l2f/ + 4cz 
3x + 3y-{-*i z 
6x + i/ + 5z = QS 



128 (4) 

60 (5) 

(6) 



12 a; + 12 y + 28 2J : 

6 a: + 24 2 : 

18 X + 3 y + 15 ar : 

15a:+ 8 2f: 

45a; + 24 2r: 

40 a;- 

X : 

. 120 + 8 i?: 

Sz: 

Z: 

48+y+15 = 



:240 (1) 

: 112 (8) 

: 204 (9) 

:144 (10) 

:432 (11) 

: 320 (12) 

:8 (13) 

:144 (14) 

: 24 (15) 

:3 (16) 

: 68 (IT) 

:6 (18) 



and 



X = price of the ch^se, 
y = price of the horse, 
z = price of the harness. 



Then, 



and 



a: -j- y -f- « = 400 
a; = 4 2? 



Clearing (3) of fractions, y = Zz 

Subs. (2) and (4) in (1), 4 «+ 3 « + « = 400 
Or, 8 « = 400 

Whence, « = 50 

Substituting in (2), a; = 4 X 60 = 200 
Substituting in (4), y = 3 X 60 = 160 



(1) 
(2) 

(3) 

(*) 
(5) 
(6) 
(^) 
(8) 
(9) 



Note. It will be seen that this problem can be readily solved by 
the use of only one unknown quantity. 
10* 



114 



KEY TO £L£MEKTABT ALGEBRA. 



5. Let 
and 



Then, 



and 



X = the first number, 
y = the second number, 
z = the third number. 

a: +y-f 2^ = 324 (1) 

y — xz=z—y (2) 

xiziib i1 (3) 



Transposing in (2), 
Adding (4) and (1), 
Whence, 

Substituting in (1), 
Whence, 

Multiplying (8) by 5, 
Prom (3), 


2y- 

6 

7 


- a: — * = (4) 

8y = 324 (5) 

y=108 (6) 

108 + * = 324 (7) 

a: + « = 216 (8) 

X + 5 « = 1080 (9) 

«— 5«=0 (10) 


Adding (9) and (10), 
Whence, 

Substituting in (8), 
Whence, 


12 «= 1080 (11) 

a: = 90 (12) 

90 + « = 216 (13) 

« = 126 (14) 


6. Let 
and 




X = the husband's age, 
y = the wife's age, 
z = the son's age. 



Then, 

and 

Transposing in (1), 

Subtracting (4) from (3), 

Whence, 

Transposing in (2), 

Subtracting (T) from (3), 

Whence, 

Adding (4) and (7), 

Whence, 



x + z=zy+l2 (1) 

y + 2r = a; + 8 (2) 

x + y + z=%2 (3) 

•«— y + «=12 (4) 

2y = 80 (5) 

y = 40 (6) 

^x + y + z=% (T) 

2 ar = 84 (8) 

a; = 42 (9) 

2z=z20 (10) 

a? = 10 (11) 
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1. Let 




a; := no. bush 
y = no. bush 


. wheat, 
. barley, 




and 




z = no. bush 


. oats. 




Then, 


«+y+«= 


146 


(1) 






!f — x = 


15 


(2) 


and 




« + y = 


:« 


(3) 


Substituting (3) 


in (1), 


2« = 


146 


(4) 


Whence, 




« = 


T3 


(5) 


Therefore, from 


(3), 


X+},=: 


T3 


(6) 


Equation (2), 


(2), 


— « + y = 


15 




Adding (6) and 


2y = 


88 


0) 


Whence, 




y = 


44 


(8) 


Subtracting (2) 


from (6), 


2a: = 


58 


(9) 


Whence, 




35 = 


29 


(10) 



8. Let X, y, and z represent the number of days 
in which A, B, and C, respectively, could perform the 

whole work alone. Then -, -, and -, or x"^, y^ and 

ar^, will represent the part which each can perform in one 
day. Also, A and B together can do ^ of the work 
in one day, A and C i, and B and ^V- 



Hence, 


^-'+r' = i 


(1) 




x-^ + ^^ = i 


(2) 


and 


y-^ + ^^ = TV 


(3) 


Subtracting (2) from (1), 


r'-«^'=i-* = TV 


w 


Adding (3) and (4), 


2y-^ = TV + 7V = i^ 


(5) 


Dividing by 2, 


r'=^ 


(6) 


Whence, 


y = W = im 


0) 


Subtracting (4) from (3), 


2*^^ = tV-7V = t^A 


(8) 


Dividing by 2, 


^' = yW 


(9) 


Whence, 


^ = W = 23sV 


(10) 


Substituting (6) in (1), 


*-' + M = * 


(11) 
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Transposing, ar^ = i — ^ = ^^ (12) 

Whence, a: = ^ = 14 jj (13) 

Note. . Elimination may also be conyenientlj effected, and the yalae 
of each unknown quantity foond, by sabtracting each of the original 
equations from half the sum of the three equations. 

9. Let X = digit in hundreds' place, 

y = digit in tens' place, 
and z = digit in units' place. 

Then 100 a? -j- 10 y + 2f = the number. 



From the conditions, a: +y + ^ = ^ 


(1) 


100a: + 10y + «- 


— 198 = 100 2; +10 y + a: 


(2) 


and lOOx+lC 

X 


^^ + ^ = 108 


(3) 


Transposing and uniting in (2), 99 a: — 99 z — 198 


W 


Dividing (4) by 99, 


x — z = 2 


(5) 


Clearing (3) of fractions, 


100 a: + 10 y + « = 108 a 


r (6) 


Or, 


— 8a;+10y+^ = 


0) 


Multiplying (1) by 10, 


10 a: + 10 y + 10 2J = 90 


(8) 


Subtracting (T) from (8), 


18 a; + 9 « = 90 


(9) 


Dividing (9) by 9, 


2a: + «=10 


(10) 


Equation (5), 


X — z = 2 




Adding (10) and (5), 


3ar=12 


(11) 


Whence, 


a: = 4 


(12) 


Substituting in (10), 


8 + a; = 10 


(13) 


Whence, 


z = 2 


(14) 


Substituting in (1), 


4+y+2=9 


(15) 


Whence, 


y = 3 


(16) 


Therefore, 


100 a? + 10 y + i? = 432 


(17) 


10. Let 


X = value of first horse. 






y = value of second horse 


9 


and 


z = value of third horse. 
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Then, 


aj+220=y + * 


(1) 




y + 220 = 2(x + «) 


(2) 


and 


* + 220 = 3(a; + y) 


(3) 


From (1), 


— «+y + «=220 


(*) 


From (2), 


2 a:— y + 2« = 220 


(5) 


Adding (4) and (5), 


a: + 3 « — 440 


(6) 


From (3), 


3a;-|-3y — « = 220 


(1) 


Multiplying (4) by 3, 


— 3a: + 3y4-3«=660 


(8) 


Subtracting (7) from (8), 


— 6a;4-4« = 440 


(9) 


Dividing (9) by 2, 


—3x-\-2z= 220 


(10) 


Multiplying (6) by (3), 


3 a: 4- 9 2 = 1320 


(11) 


Adding (10) and (11), 


11 «= 1540 


(12) 


Whence, 


a!=140 


(13) 


Substituting in (6), 


x + 420 = 440 


(14) 


Whence, 


ar = 20 


(15) 


Substituting in (4), 


— 20+y + 140 = 220 


(16) 


Whence, 


y=100 


(17) 



11. Let X, y, and z denote the number of days in 
which A, B, and C, respectively, can reap the field 

alone. Then, -, -, and -, or x"^, y"^, and sr^ will 

denote the part of the field that each can reap in one 

day. Also, A and B together can reap - of the field 

in one day, A and C ?, and B and C -. 
c 

Hence, » a;-^ + y-i =z or* (1) 

ar^-\-t-^ = J-i (2) 

and y-» + a^^ = c-^ (3) 

Adding (1), (2), and (3), 

2ari + 2y-i-l-2ar-i = a-» + 6-i + c-i (4) 
Multiplying (3) by 2, 2y-^ + 2a-i = 2c-i (5) 
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Subtracting (5) from (4), 2 x'^ = ar^ + b'^ — c"^ (6) 

Multiplying hj abcx (Art. 153, Note 3), 

2a6c = (bc-^-ac — ab)x (T) 

Whence, ' x = r-, r (8) 

Equation (4), 2 ar^ + 2 fT^ + 2 sr^ = ar^ + b'^ + c-"^ 
Multiplying (2) by 2, 2 ar^ + 2 sr^ = 2 b'"^ (9) 

Subtracting (9) from (4), 2 y"^ = a-^— b'^ + c-^ (10) 

Multiplying by a icy, 2abc=(bc — ac-^ab)f/ (11) 

Whence, y = _2a6c ^ 

' ^ ab-^bc — ac ^ ^ 

Equation (4), 23r^ + 2^^ + 2ar^ = ar^ + b'"^ + c"^ 
Multiplymg (1) by 2, 2 ofi + 2 y'^ = 2 ar^ (13) 

Subtracting (13) from (4), 2sr^r= J-i + c-^ — a'^ (14) 

Multiplying byoica?, 2abc=:(ac--{'ab — bc)z (16) 

Whence, z = , ,^''^'' , (16) 

' ab -{-ac — be ^ ^ 

Note. Equations (6), (10), and (14) may be readily obtained by the 
method adopted in the solution of Ex. 11, Art. 177, or Prob. 8 of this 
Art. 

12. Let X = the first number, 

y = the second number, 
and z = the third number. 



Then, J^ + 4y + i« = 62 (1) 

*^ + iy + i^ = 4t (2) 

and ix + iy + iz = SS (3) 

Multiplying (1) by 120, 60a: + 40y + 30«= T440 (4) 

Multiplying (2) by 180, 60 a: + 45 y + 36 ar = 8460 (5) 

Multiplying (3) by 240, 60a: + 48y + 4:0« = 9120 (6) 

Subtracting (6) from (6), 3 y + 4 2? = 660 (T) 

Subtracting (4) firom (5), 6 y + 6 « = 1020 (8) 

Multiplying (T) by 5, 16 y + 20 2 = 3300 (9) 

Multiplying (8) by 8, 16 y + 18 » = 3060 (10) 
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Subtracting (10) from (9), 




2 « = 240 


(11) 


Whence, 




«=120 


(12) 


Subetituting in (7), 




3y + 480 = 660 


(13) 


TranspoBing and uniting, 




3y=180 


(14) 


Whence, 




y = 60 


(15) 


Substituting in (1), 


ix 


r + 20 + 30 = 62 


(16) 


Transposing and uniting, 




ix=i2 


(H) 


Whence, 




a: = 24 


(18) 



Note. Instead of first clearing of fractions and then rendering the co- 
efficients of X the same^ we have here used such maltipliers as will effect 
both objects at once. The student may, however, find it easier to keep 
the two distinct 



13. Let 


X = A's money, 
y = B'b money, 




and 


z = C's money. 




Then, 


* + fy=219 


, (1) 




y + |« = 219 


(2) 


and 


«-|-^a; = 2l9 


(3) 


Clearing (1) of fractions. 


tar + 3y=1533 


(4) 


Clearing (2) of fractions, ' 


9y-f-5« = 19n 


(5) 


Clearing (3) effractions. 


2x-\-3z = 651 


(6) 


Multiplying (4) by 3, 


21ar+9y = 4599 


(t) 


Subtracting (5) from (t), 


21a; — 5« = 2628 


(8) 


Multiplying (8) by 3, 


63a; — 15a= T884 


(9) 


Multiplying (6) by 5, 


10a;+15«= 3285 


(10) 


Adding (9) and (10), 


T3x= 11169 


(11) 


Whence, 


a; =153 


(12) 


Substituting in (3), 


« + 102 = 219 


(13) 


Whence, 


« = in 


(14) 


Substituting in (2), 


y -f 65 = 219 


(15) 


Whence, 


y=154 


(16) 
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14. Let 



and 



X = the first number, 
y = the second number, 
z = the third number, 
. u = the fourth number. 



Then, 


- ^+1= 


:35T 


(1) 




'^.+1= 


:476 


(2) 




*+i= 


:595 


(3) 


and 


«+!= 


:n4 


(4) 


Clearing (1) of fractions, 


2a: + y = 


■.ni 


(5) 


Clearing (2) of fractions. 


3y + * = 


:1428 


(6) 


Clearing (3) of fractions, 


4z + « = 


:2380 


0) 


Clearing (4) effractions. 


5« + a: = 


: 3510 


(8) 


Multiplying (t) by 5, 


20« + 5« = 


: 11900 


(9) 


Subtracting (8) from (9), 


20 « — x = 


: 8330 


(10) 


Multiplying (6) by 20, 


60 y + 20 « = 


: 28560 


(11) 


Subtracting (10) from (11), 


a: + 60y = 


: 20230 


(12) 


Multiplying (5) by 60, 


120a:+60y = 


42840 


(13) 


Subtracting (12) from (13), 


119a: = 


22610 


(14) 


Whence, 


X = 


190 


(15) 


Substituting in (4), 


«4-38 = 


714 


(16) 


Whence, 


« = 


6T6 


(11) 


Substituting in (3), 


« -4- 169 = 


:595 


(18) 


Whence^ 


■ z = 


426 


(19) 


Substituting in (2), 


y + 142 = 


416 


(20) 


Whence, 


.y = 


334 , 


(21) 


15. Let x: 


= price first quality. 




y- 


= price second quality. 




and zi 


= price third qu 


alitv. , 
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Then, 


3a: + 4y + 2s!=60 


(1) 




4a; + y + 5« = 69 


(2) 


and 

Multiplying (3) by 4, 


a;+10y-t-3« = 90 


(3) 


4a: + 40y+12« = 360 


(4) 


Subtracting (2) from (4), 


39 y + 1 « = 301 


(5) 


Multiplying (3) by 3, 


3a: + 30y-i-9« = 270 


(6) 


Subtracting (1) from (6), 


26y-i-t« = 210 


0) 


Subtracting (T) from (5), 


13 y = 91 


(8) 


Whence, 


y=7 


(9) 


Substituting in (T), 


182 + 'r» = 210 


(10) 


Transposing and uniting, 


72 = 28 


(11) 


Whence, 


« = 4 


(12) 


Substituting in (3), 


a; + 70 + 12 = 90 


(13) 


Whence, 


a: = 8 


(14) 



16. Let 



and 



X = no. A's squirrels, 
y = no. B's squirrels, 
ar = no. C's squirrels. 



X — y — z = A^Q after first change, 
2y = B's after first change, 
2z = G's after first change. 

2x — 2y — 2z = A's after second change, 
2tf — (x — y — z) — 2z=z — a: 4-3^ — « = B's aft. 2d change, 

4 « = C's after second change. 

4x — 4y — 42f = A's after third change, 
— 2a; + 6y — 2z = B's after third change, 
4tz — (2x — 2y — 2z)—(—x + 3y—z)=z—x—y + 1z 

= C's after third chatoge. 

From the conditions, a: + y -f- a? = 96 (1) 

4a; — 4y — 42? = — 2a: + 6y — 22; (2) 

and —2x + 6t/ — 2z=z—x — y + 1z (3) 

(6) 



Transp. and uniting in (2), 
Dividing (4) by 2, 
11 



6x~l0y — 2z — 
Bx — 6y — « = 
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Transp. and uniting in (3), — a: + *^y — 9z=z0 (6) 



Adding (1) and (6), 


8y — 8« = 96 


0) 


Dividing (T) by 8, 


y — « = 12 


(8) 


Multiplying (1) by 3, 


3x4-3y + 3« = 288 


(9) 


Subtracting (6) from (9), 


8y-|-4« = 288 


(10) 


Dividing (10) by 4, 


2y + z=12 


(11) 


Adding (8) and (11), 


3y=84 


(12) 


Whence, 


y = 28 


(13) 


Substituting in (11), 


56 + « = 12 


(14) 


Whence, 


«=16 


(15) 


Substituting in (1), 


a; + 28 + 16 = 96 


(16) 


Whence, 


x = 62 


(IT) 



Note. As the whole number of sqnirrels remains the same, the stu- 
dent can test the accuracy of his statement by observing whether the 
sum of A*8, B*8, and C's after each change is a: + y + «. 

It will be observed that at each change two of the men double theirs, 
while the share of the third is diminished by each of the others. 



INTERPRETATION OF NEGATIVE RESULTS. 
(Art. 180, pp. 161-163.) 

3. Let X = the number. 

Then, 10 — a: = 15 

Whence, — a: = 6 

Or, a: = .^5 

The negative result indicates that the problem should 
read : " What number must be added to 10, that the 
mm shall be 16 ? '' The answer to the problem in this 
form will be 5. 



4. Let a; = the number. 

Then, |-f = 4 

Clearing of fractions, 4>x^ — 6 « = 80 
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Whence, — a: = 80 

Or, a: = — 80 

This result indicates that 80 is the answer to the 
problem, '* What number is that whose fourth part ex- 
ceeds its ffth part by 4 ? '' 

5. Let X = number of years to elapse. 
Then, 40 + a: : 36 + a: : : 6 : 5 
Mult, extremes and means, 200 -j- 5 a; = 216 -|- 6 x 
Whence, — a; = 16 

Or, a; = — 16 

This result indicates that their ages were as 6 to 5 
16 years before, instead of after, their marriage ; that 
is, when one was 24 years old, and the other 20. If, 
then, the latter part of the problem were so modified 
as to read : '* How many years before their marriage 
was his age to hers as 6 to 6 ? '' the proportion would 
be . 

40 — a: : 36 — a: : : 6 : 5 

Whence, a: = 16 

6. Let X = number of rods to be added. 
Then, 5 (8 + a:) = 30 
Developing, 40 -(- 5 a: = 30 
Transposing and uniting, 6 a: = — 10 

Whence, a; = — 2 

The 2 rods are, then, to be subtracted from the length, 
instead of added to it ; and the enunciation must be 
modified accordingly, in order to give a positive resultr 



T. Let X = the number. 

Then, . | + f_t=* 

Clearing of fractions, 6a: + 3a: — 106 = 16 a: 
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Transposing and uniting, — T a: = 105 

Dividing by — t, x = — 15 

In order that the result may be +15, the problem 
should read %ncrea$ed by 7, instead of ** diminished by 7.'' 

8. Let X = the numerator, 

and y = the denominator. 



Then, 
and 


« + 2 1 
V ~* 

X 1 
y+2 — 2 


(2) 


Clearing (1) of fractions, 
Clearing (2) effractions, > 

Subtracting (4) from (3), 

Transposing and uniting. 

Whence,' 

Substituting in (3), y = 

Therefore, 


4x + 8=y 

2a: = y + 2 

2a: + 8 = — 2 
2x = — 10 
x = —b 
— 20 + 8 = — 12 

X —5 
P — -12 


(3) 

(5) 
<6) 

(f) 
(8) 

(9) 



This result indicates that the fraction y^j ^<3 ^^^^ ^^^ 
2 subtracted from its numerator gives ^, and 2 subtracted 
from its denominator gives ^. 

9. Let X = number of years. 

Then, 15 + a: = ^^— 

4 

Clearing of fractions, 60 + 4 a: =: 45 + a: 

Transposing and uniting, 3 a; = — 15 

Whence, a:=: — 6 

Hence the son was one fourth of the age of the father 
5 years ago. 

10. Let X = the father's wages, 

and y = the son's wages. 
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Then, 


12a: + 8y = 22 


(1) 


and 


10a; + 4y=19 


(2) 


Dividing (1) by 2, 


6a; + 4y=ll 


(3) 


Subtracting (3) from (2), 


4a: = 8 


(*) 


Whence, 


x=z2 


(5) 


Substituting in (3), 


12+4y=ll 


(6) 


Transposing and uniting. 


4y = — 1 


- (T) 


Whence, 


y = -i 


(8) 



The negative result indicates that the father paid out 
money for his son, instead of receiving wages for his 
labor. 



ZEKO AND INFINITY. 
(Art. 184, pp. 165, 166.) 



. 2. Let 


X = number of years. 


Then, 


x + 40 = a: + 60 


Hence, 


a; — X = 20 


Or. 


0a: = 20 


Whence, 


X = ^^0- = 00 



This result shows that the problem is impossible ; that 
is, that A and B can never be of the same age. 

3. Let X = no. bought in first flock, 

and y = no. bought in second flock. 

3 X 
Then — == cost of first flock, 

and 2 y = cost of second flock, 

2 (a? — 30) = am't recM for first flock, 
ft (^ — 56) = amH rec'd for second flock. 

Prom the conditions, a? + y = 400 (1> 

Also, 2(x— 30)+JO-56)=y + 2y (2) 

11* 
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Clearing (2) of fractions, 

4 (x— 30) + 6 (y — 66) = 3a: + 4y (3) 
Expanding, 4x— 120 + 6y — 280 == 3x + 4y (4) 
Transposing and uniting in (4), a: -{- y = 4:00 (6) 

Equation (1), x -f y = 400 

Subtracting (1) from (6), Oy = (6) 

Whence, y = * C^) 

Substituting in (1), a; + » = 400 (8) 

Whence, a: = 400 — * (9) 

From the fact that § is a symbol of indetermination, 
we infer that each flock may contain any finite number 
whatever. There are, Jiowever, certain limits, beyond 
which the numbers cannot pass, without involving negor 
tive results. 

1. When any number is assumed for one flock, the 
other becomes determinate ; for the sum of the two must 
be 400. 

2. It is evident, *from the original form of equation 
(2), that the first flock must contain more than 30, and 
the second more than 56. 

3. It appears from 1 and 2 that the first flock must 
contain less than 344, and the second less than 370. 

Hence the number in the first flock is from 31 to 
343, and the number in the second is from 369 to 5t ; 
that is, if the first is 31, the second is 369, if the first 
is 32, the second is 368, and so on, thus giving 313 
different sets of numbers which will answer the condi- 
tions. 

Note. That the problem is indeterminate is readilj ascertained, witfa- 
oat obtaining the result ^ ; for the two equations, though yerj different 
in their original forms, are not independent (Arts. 168, 169), since they 
finally assume the same form, a: + y = 400. 
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INVOLUTION. 

(Art. 190, pp. 168 -ITO.) 
t. Ans. 243 o^^a:^. | 16. Ans. 16a*a:«. 

(Art. 191, pp. ITO, HI.) 



8. Ans. 



32 b^ 



(Art. 192, pp. ITl, 112.) 

In these examples, as well as the preceding ones, there 
are three points to be considered : the sign of the power, 
which is determined by Arts. 18Y, 188', the coefficient, 
and the exponents, both of which are determined by the. 
rule found in Art. 190. The signs of the exponents must 
be determined by the rules for ordinary multiplication. 

It has already been shown that the negative exponent 
expresses an unperformed division, and that a quantity 
containing a negative exponent is, in reality, the same 
as a fraction. 

3. The answer to this example cannot be both + and 
— for the same value of n ; but if » is even, it is +, 
while if n is odd, it is — . 

5. Multiplying the exponents by — 2 changes their 
signs. 

6. The answer is negative because the original quan- 
tity is negative and the exponent — 3 is an odd number. 

7. The result is positive because the exponent — 4 
is an even number. The coefficient becomes 

2-^=1 = 1 
2* 16- 
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8. If- the negative exponent is removed, the answer 
becomes ^ y^ . 

The negative exponents are also readily removed in 
examples 9 and 10, by transferring factors according to 
Art. 126. 

POWERS OF BINOMIALS. 
(Art. 200, pp. 176^118.) 

In writing any power of a binomial, the student has 
only to apply the principles found in Arts. 196 - 200. 

4. Ans. a* + 4 a»y + 6 aV + ^ « y* + y*- 

6. The coefficients of the seventh power are thus 
obtamed : 1, 7, \; = 21, — p— = 35, — P— = 35, 

« V 4 

^ = 21, &c. 

7. The first form of the answer, according to tha 
Binomial Theorem, would be a» + 3 a^ 1 + 3 a 1^ + l^. 

8. (1 — xy = (i)« — 6 {lyx + 15 {lyx^ — 20 {ifT? 

+ 15 (1)« a:* — 6 (1) aH^ + a^. The powers of 1, being 1, 
have no efifect as factors, and can therefore be omitted. 

9. The coefficients of the eighth power are thus 
obtained : 1, 8. ^l = 28, ?if? = 56, '-^ = 10. 

^><i = 56, &c. 
o 

(Art. 201, pp. 178, 119.) 

2. (3 a + 2 b)* = (3 a)* + 4 (3 af (2 J) + 6 (3 a)' (2 J)« 
+ 4 (3 a) (2 by + (2 b)* = 81 a* + 216 «» 6 + 216 a" 4» 
-i- 96ai?-f-16J*. 
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3. (2 a— 3a:)^2a)«— 3 {2ay (Sx)+S (2a) (Sxy—(Bxy 

it=8a« — 36a2a? + 54aa:2 — 2ta:». 

4. (1 + Sxy = (1)* + 4 (1)« (3 X) + 6 (1)2 (3 xy 

+ 4 (1) (3a:)8+ (3a:)*= 1 + 12a: + 54ar»+ 108a:* + 81 a:^ 

6. (a» + ft2)« = (ay + 3 (a^)^ (i^) ^ 3 (^2) (^2 ^ (52)8 

6. (3 a: — 5)' = (3 xy _ 3 (3 a:)^ 6 + 3 (3 ar) 5^ — 6« 
= 2Y a:* — 136 ar» + 225 a: — 125, Ans. 

1. (3a:^ — a)2=(3a:y)a— 2(3a:y)a + a^ 
= 9 x^^ — 6 a ajy + a^ 

8. Ga5 + (?)2=Qa5)2 + 2(Ja5)c + c« 

10. (3« + iy = (3x)« + 2(3a:)(i)+(iy=9x»+6-|4. 

11. (a + «-»)' = a* + 3 o« (a-i) + 3 a («"»)« + (o"')' 

= a« + 3a + 3a-^ + «r». 

KoTi. It will be obserred that negative exponents might be cm- 
ployed in the 10th, or the firactional form in the Ilth. 

12. (a^ + SjO* = (a:^» + 5 (^* (3 j^ + 10 (x^» (3 fy 
+ 10 (a:^« (3^)' + 6 (*») (Sf)* + (3y»)» = a^ + 15 x«y» 
+ 90 acV + 210 a:*y« + 405 a:* y» + 243 y»». 

13. (*«- |y)»= aa:)»- 3 (Ja:)' (Sy) + 3 (^x) (§y)» 



14. (ar» — 2 x)" r= (ar")' — 6 (ar^)* (2 x) + 15 (x«)* (2 x)« 
— 20 (a:»)» (2x)» + 15 (x^' (2«)« — 6 (ar") (2«)» + (2a;)« 
= aJ» — UaP^ + 60 x*"— 160 x» + 240 x» — 192x» + 64x». 
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EVOLUTION. 



SQUARE ROOT OF NUMBERS. 
(Abt. 215, pp. 183-185.) 



(3.) 

6il524 
49 



148 



782 



1215 
1184 



1562 



3124 
3124 



"[1 



56644 
4 

6 6 
29 



238 



468 



3744 
3744 



(5.) 



6561 
64 . 



8 1, Ans. 



161 161 
161 



(6.) 

2116 
16 



861516 
516 



46 



62 



0) 

10246401 13201 

9 I 

124 
124 



6401 



6401 
6401 



(8.) 

16.2409 
16 



803 



2409 
2409 



4.0 3 



(9.) 

.9 40 9 

81 



187 



1309 
1309 



.9 7 



(10.) 

.008 1 

81 



.0 9 
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(11.) 

.ooeooooo 

49 
147' 



.on4+ 



1100 
1029 



1644 



TlOO 
61T6 



(12.) 

1 2.0 00606060606 
9 



64 



3.464101-t- 



300 
256 



6 8 6 h4 4 
4116 



6924 

69281 
6928201 



28400 
.2T696 



7040a 
69281 



1 1190000 
6928201 



(13.) 

.o6o6oi232i|.ooiii 
1 



21 
221 



23 
21 



221 
221 



2. i/^ = 



169 



(Art. 216, pp. 186, 186.) 

yje _ 4 

7l69* 
V484 



13' 



V'729 



22 
27* 



/ 47 _ /289 _ V^289 _ 17 _ 6^ 
• V 121 ~ V 121 ~ ^i2i ~ U ~ 11 
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6. 

6. 
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V^4 



Z— /^ _ ^ _ I 

18 — V9 — v^9 — 3- 

9F_ / 1899 -f- 2lT /9 _ V^"9* 

i39 ~ y 10389-^-211 ~ V 49 — ^ ~ 



^189^ 
'10339 



a.) 



16 



(8.) 



j3 = .6 9 2 3 8, nearly. r^ = . 1561891 + 



.6 9230 8 
64 



163 
1662 



523 
489 



.832 + 



1031 

.01551891 
1 



3408 
3324 



22 
244 



55 
44 



.12 4 6, nearly. 



1118 
9T6 



248 6 



14291 
14916 



CUBE ROOT OP NUMBERS. 

(Art. 2a, pp. 187-190.) 
(3.) (4.) 



941192 
729 



24300 
2160 

64 

26524X8 = 



98 



389017 
343 



212192 
212192 



14700 

630 

9 

15339X3 = 



73 



46017 
46017 



(5.) 

37259704 
27 



2700 
270 

9 

2979X3 = 
326700 
3960 
16 

330676X4 = 



10259 
8937 



334 



1322704 
1322704 
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(6.) 

25i23969i 
216 



631 



10800 35239 

540 

9 

11349X3=|_3404T 
1190T00 
1890 

1 

1192591 X 1 = 



1192591 



1192591 



2T00 

450 

25 



462682Y9 
21 



359 



3175X 5 = 

367500 

9 4 5;0 

SI 

377031X9 = 



19268 
15876 



3393279 
3393279 



(8.) 

i48i.544|11.4 
1 I 

800 
30 

1 

331X 1=^ 



8>630 
1320 

1^ 

37636X4 = 



481 



331 



150544 



150544 



* It is found, by trial, that 7 and 6 are too large, although 27 is 
contained in 192 seven times. 
12 
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.0 08649000000 
8 



120000 
3000 

25 

123026X5 = 

1260Y500 

12300 

4 

12619 8 04X2 = 



649000 
616126 



.2052 + 



33875000 
26239608 



• V343 5^343 7 



(Art. 228, pp. 190, 191.) 



3. 

4800 

120 

1 

4921X 1 = 



V343 

68921141 
64 



59319 
27 



4921 
4921 



jj/68921 ___ 
V 69319 ~ 



V'68921 



69319 {^59319 



2700 
810 

. 8j. 

3591X9 = 



39 ~ 89 ' 



39 



32319 



32319 



(4.) 



A=. 10626315 8, nearly. 



.105263158 
64 



4800 41263 

840 
49 

5689X 7= 39823 
662700 
2820 

4 

665524X2 = 



.472 + 



1440158 



1331048 



* It is found, bj trial, that 8 is too large» although 48 is Contained in 
412 eight times. 
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BOOTS OP MONOMIALS. 
(Art. 221, pp. 191-193.) 

It will be a valuable exercise for the student to ex- 
press the answers in various ways, whenever they are 
capable of it. Thus, 
2ha* _ _^ 



9. 

10. 
12. 



± 3^,^=± ^a'-Hx'fr^=± 2X B-^a-Ha^fT^. 






air 



21f Sy" 3 
9 



-xff^=2r^xir^. 



14. 'We here divide each exponent by the index of 
the root, which is. 2, or multiply each by the fractional 

I 
exponent, which is ^ . ± 13 a^ 6"* cr^ = ± --- . 
^ 5*c 



_- ah^ 1 ,| -4 ^1 
15. - T-- ^z-'ab^ x^ y-\ 

9 -r* M ^ 



2x^y 



16. a^i?dr* = 



ahnc^ 



SQUARE ROOT OP POLYNOMIALS. 
(Art. 225, pp. 193-196.) 

a* 



2a«+25 



4a2^ + 462 
4a2& + 45^ 
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(5.) 

9 x^ — I2a? 4- IQ x^ — S X + 4: 
9x' 



Qx^—2x 



— I2a^+l%x' 

— 12a:g4- ^^ 



Sa:^ — 2a: + 2 



Qq^ — 4:X + 2 



12 a^ 



— 8a: + ^ 

— 8a; + ^ 



(6.) 

^ 

2a: + 2^ I 4^x4-4 6*^ 

|4&g + 4y ^ Ans.a: + 2i. 



a.) 



2a^ + 2ah 



4a86+10a2fta 
4a8J+ 4a2fta 



2a« + 4ai + 36^ 



6 



q^y+12ay-f9^^ 



a* 


(8.) 


2a« — o 


— 2a» + 2a» 

— 2a»+ o« 


2a« 


-2« + i 





a«-a + i 



(9.) 

a^_2ar» + l|a^— 1 
a!* 



2a:«_l 



.'J' 



(10.) 
a" 



— 2a:2+l 

— 2x2+1 



a — a~* 



2a— cr"^ —2-\-a-^ 
— 2-\-cr^ 



EVOLUTION. 
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(11.) 
4a«— 12aJ + 95' + 4aa: — 6fta: + aJ» 



4a — 36 



— 12a6 + 9^ 



2a — 3J + a: 



4,a — 6b-{-x 



4ax — G^x-f-ic* 
4aa? — 6 Jaj-j-a:* 



(12.) 
a« + 8o'J+24a''i»+32a9»+165* 



2a*+4aJ 



8a»6 



24a''J» 



a»+4aJ+48« 



8a»J4.l6a»i» 



2a«+8a6 + 4*» 



8a"J»+32ay+16J* 
8a'*»— 32aJ'-4-16*« 



d«-|-4a6 + 4i»|a + 26 



2a + 26 



4oJ + 4J» 
4a5+4«^ 



CUBE ROOT OF POLYNOMIALS. 
(Art. 226, pp. 196-200.) 



a^ + 3«»y + 3a:y» + y 

3? 



3a!» + 3ajy + j^ 3«»y + 3xj^ + y» 
3a:'y + 3xy' + j 



«+y 



(5.) 
y>_3y» + 5y'— 3y— lly« — y-1 



3y* — 3y»+y« 



8y* — 6y» + 3y+l 



3yi_|_5y» 
— 3y'+3y« — y 



3y. 



6y»— 3y— 1 



3y» + 6y»— 3y— 1 



Note. In the last complete diyisor, 3^ and — 3^ cancel each other. 
12* 
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(6.) 
2Y aJ» + 64«»y + 36 a:y» + 8/ I 3 a: + 2y 
27a:» 



27a:»+18a;y + 4y» 



54x«y + 36a:y»-4-8y» 
54x»y + 36«y'-t-8y» 



Ans, 3a: + 2y. 
7. It will be observed that the eolation of this ex- 
ample is precisely the same as that. of the 3d, except 
that m is substituted for x, 

(8.) 

€? I 

j 3 g 4- 3 <^^ + ^ 



RADICALS. 

«EDUOTION OP RADICALS. 
(Art. 2S3, pp. 201, 202.) 

2. V9a^x = \/9 a* X a? = \/9^ Vx = 3 a« \/x. 

3. V32c^x=zVi6a^X2x = \/i6^\/2^=4:a\/2i. 

4. t \/80^ = ? Vl6 X 5a: = 7X4 \/6^ = 28 \/5^ 

5. a\^126l^==aV26¥xJb=zaX5h^/bb=zbabVbb. 

6. ^64^«> = '^64a8&*' X a2 = 4aJ«^^. 

7. \/60a52c«=:\/26 6»c2 X 2a = 5&c\/2^, Ans. 

8. (aa!» + 5a:*)* = 4^s?{a-^bx) = x (a + bx)i. 

9. 2 (ar» — a^x^i = 2 ^/^^^^ZT^ = 2 a: {x — a^^. 
10. ^5(a3 + a*6) = /^6a»(l+ai) = a^6(l+at). 



RADICALS. 189 

11. 6\/64a5^c = 6\/9a2^X Qabc = QX SahVdVbc 

= lSabV6abc. 

12. 3 ^32^^^7« = 3 ^32 a«c«X a^ = 3X2ac^^ 

13. (T2x + 108y)* = \/36(2a: + 3y) = 6(2a:+3y)* 

14. 5 (a — 5) ya^c-^2abc+b^^= 5 (a— 5) \/c(a + 6)» 

= 5 (a — 5) (a + 5)\/c = 5(aa — *2)\/;j. 

(Art. 231, p. 203.) 



. 3 /2aar" S /2aa*^S S'/6aa* 8 /?77I 
= ^ X 5 VGo^ = f \/6"^. 

4 o 4 

.5- (-) = (-X l) = (— ) = (l-X2«) 

4o 

^?(lO«5c)* 
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(Art. 235, pp. 203, 204.) 

2. ^ax=(Sax)i = ^/(STi)^ = \/9?^. 

3. — 6 a« J = ^(— 6 a"6)« = 4^^^2yaN^. 

4. 2a:— 3=((2a:— 8)«)*=(4aJ»— 12a:+9)* 

6. 2c?a?y — ^(2"?^^* = ^16 «? x^y*, Ana. 



6. 






Sgg' ^JCSaj^y ./248a*a^ 
25y«' 



(Art. 236, pp. 204, 205.) 

2. 6 ^xy — 1 = 4^58 (a?y — 1) = -^125 xy — 125. 

3. 2a2 4/3al = a«^2*X3aft = a*4^l8T&. 

4. (a + 5)\/c =: Vc (a + i)«= \/c"(^a + 2aft + ^ 



^- J V a« — i»* ~ V 6» Va« — ft«/ ~ V ?> — 5*' 

(Art. 237, pp. 206, 206.) 
3. 3^3 = 3 (3)* = 3 (3)A = 3^» = 3^27. 

^ = o* = a*.= (a»)TV 
(5 b)i = (5 5)^ = [(5 by-]-^ = (25 i»)^. 
,(a« + 5^)*=(a^ + 5^)^=[(a« + 50^A 

V^ = a* = a** = ^a". 

>^^5':::rj = (« _ &)* = (a — 5)^* = ^(a— i)i^ 

, >^^S"+1 = (a + ^)* = (a + *)^ = ^(a + i)«. 
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ADDITION OF RADICALS. 
(Art. 238, pp. 206-208.) 

3. 6\/98x = 5\/49 X 2a: = 5 X T V2^=35 v'2^; 

35 \/2^ +10 V^ = 45 s/2x. 

4. ^g/48~a = ^8 X 6a = 2^6a 
A?/i62q = ^27X 60= 34^^6^ 

Sum = 6^6a 

^32 = ^16X2 = 2<^2 ; 2^ + 6 ^2 = T ^2. 



5. 
6. 



\/3 a* 5 = \/a2 X 3 ft = a\/3 6 
\/3^T = \/ar»X 3ft = a:\/3^ 



Sum = (a + a:) \/3ft 

T. 5\/20a*a; = 5\/4a*X5a:=5x2a\/57=10a\/5^ 
3V45a2a; = 3V9a2X5a; = 3X3a\/5^= 9a\/5^ 

Sum=19a\/6^ 

8. (3a25)^= (a2x35)*= a (3 5)* 
(2»r a« ft)* = (9 a^ X 3 ft)* = 3 a (3 ft)* 

Sum = 4a (3 ft)* 

9. (45c3)*= (9c2X6c)*=:3c(5c)* 
(80 c«)* = (16 c^ X 6 c)* = 4 c (5 c)* 
(5 a«c)* = (a* X 5 c)* =^ a (5 c)* 

Sum = (7 c + a) (5 c)* Ans. 

10. 'i/Wy^f^Wy^hy^h*^ 

s^h^ = ^irfX h'y = y'^ 

' Sum=(b + y)^by 
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12. 12^=12<^=12^^Tx2 = 12Xi'^2=6^ 

Sum = ^ f^ 

13. \/4x = 2 \^x. The radicals being all dissimilar, 
their addition can only be indicated by the sign +. 

14. V4 a; + 4 = \/4 (a: + 1) = 2\/i"+T ; ' 

^=2a(a^y. These radicals are all dissimilar. 
16. ^\/a*"^ =lx«VT^ = fV*^ 
^\/4T7? = i X 2ar«\/?7= ?^\/^ 



(i+¥)^ 



lY. 4/r6aH= ^8a»X2* = 2a^2ft 
^S^^Sla^'ft = ^27 a» X 2 * = 3a^2T 

\/4^"i=2a\/5; \/^=a\/5; 2a\/6 + o\/ft=3a\/3 
It will be seen that 5 a 4^2 h and 3 a \/? are dissimi- 
lar, because the radicals are of a different degree, while 
the quantities under the radical sign are also different. 
Their addition can, therefore, be only indicated, 

SUBTRACTION OP RADICALS. 
(Art. 239, pp. 208, 209.) 

2. \/46a=VVx5a = 3\/5a; 3\/6a— \/6a=2\/6a 

3. ^5/192 = ^5/64x3=4^ 

^J/24 =^{/8">^ =2^3 , 

Difference =2 ^3 
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Difference = a^b4^ 

6. The radicals are already similar ; hence we merely 
take the difference of the coefficients 4 and 3, and annex 
the common radical. 

?. \^lOSaa^=zVS6s^X Sa = Qx\/Ta 
V48a^ =\/l6"?"x3a = 4a:\/3a 

Difference = 2 a: \^3^^n^nQ. 

8. Vi = VJ~x^z=i\^=z%Vs 
Vi = VTXI = ^^l = ^^fX3 = f \/3 = I \/3 

Difference = i\/3 

9. 2V3a^l^c = 2Va^l^X^c = 2ah\^drc 



.. ^ Difference = 2aft.v/37 — h^/bab 

10. <^S2a = </i6~X2a==2 4^2a 
2^4^ = 2<^SX 5a = 4^5a 

Difference = 2 </2a — 4 ^5a = 2 (^y2a — 2 ^6^) 

11. *5^8a»6+16a« = A}'8a»(6 + 2a) = 20-^20 + J 
*J'i* + 2aP =*J'y (64-2a) =J^2o + J 

Difference = (2 a — 6) *J'2o + 6 
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MULTIPLICATION OF RADICALS. 
(Art. 240, pp. 209-211.) 

4. 6\/64 X 3\/2 = 6 X 3 \/6rx~2 = 18 \/i08 
= 18 \/Wx^ = 18 X 6 \/3 = 108 \/3, Ana. 

5. *l^/axy X ZV2 ax = 21 \^2a^x^y =21 axs/2y. 

6. a^X 1^9^ = 0^^ X ftVy* = aft\/S«y*. 

T. 4.4^ X 3V^ = 4^^2^ X 3'^iY = U^^a'x^^. 

8. i^^X^V^ = iX^^^QX9 = iX^X^VQ 

Note. The second of the giyen radicals, Av^9, is rational, and re- 
duces to ^ X 3 = |. Multiplying \V^ hj ^ we obtain ^ y'e, the same 
result as before. \ 

9. 2^1 X 3^1=2 X B^fx ~i=e4^i = e4^ixi 

= 6^/if = 6^yV X 16 = f ^5^15 = 2*^15. 

10. 3ft*X4a*=12a*6* = 12aT^iTV=12^^»ft*. 

11. 3a^{/8^X2ft^^4^^ = 3a X 2 5^8a2 x 4a^c 
= 6a*'^32a*^ = 6aft'^16a*X 2c = 6aJX 2a<^27 
= 12a«ft</2^. 

12. (a+5)*X («+*)*= (a+i)*X (a+^)* = (a+^A 
13 i/i^vi/?^ /2qa; 9a& /i Sa'b 

. '=\/¥- 

14. ^6a»5c-iX^3-ia-»^c« = ^6a»Jc-iX3-ia-*ftc» 
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(Art. 241, pp. 211, 212.) 

(2.) 

4 + 2\^ 

2 — \/2 
8 + 4 \/2 

_4 a/2 — 4 
8 —4 = 4 

3. (a+ar)?X (a— a:) §=[(«+ a:) (a— a;)]t=(a3— a:^)! 

4. s/^r+h X \/M^ = ^(« + *)' = « + ^. 

Note. It will be seen that mttltipljing the square root of any quan- 
tity by itself remores the radical. 

• (5.) (6.) 

i + J V5 */x + Va + X 

i + jx/l ^iT^ _____ 



f + f -s/S Vaa + ar'4- a + as 

a.) 

«^ + J* 

g^ — 2&^ 

a« + o* J* — 2a*i^ — 2 J^ 

DIVISION OF RADICALS. 
(Abt. 242, pp. 213-215.) 

13 
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h 

5. ^ = ^ = ^=3, AnB.3. 

NoTB. The same result can be obtained by redadng Y135 to its siniT 
plest form, 3 ^5, and then dividing by y5, 

8. *4^ = *f^?i = e-*^. 

!»• sl\-\/\=\IW2=^o=>M' 

= 8 + y/[xl = 8+y/S = 3 + Jv^. 

13. The radicals, being alike, cancel each other in 
dividing, and there is nothing left but the coeflScients 
m and n, which give 5 as the result. 

• a^6 v^(5-i:rs)-i V (a-j)« 



= N^ 



« — »" 
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(16.) 
a — . 2 fti) a^ + a fti — 6 6 (a + 3 &i 

^ 3 a 5^ — 6 5 

3 q 5^ — 6 3 

(16.) 

ai— 4ji)a^ + 2ah^^ — 4a*ii — 8J^(a^ + 26^ 
aa_4a^ 



2 J 5* — 8 5* 
2 g^ ^^ — 8 ^^ 

INVOLUTION OF RADICALS. 
(Art. 243, pp. 215, 216.) 

3. (5a^)2=5«a^ = 25a* 

4. (6a^)« = 6^a«^/ = 125a»y. 

5. (ar»>^6)^=:(a:2)2A5^6^ = aj4^36 

6. (4aV3^*=4*aV3V=4*a8x 3V=2304a8c^ Ana. 
T. (3'^25aa:)« = 32\/25a^ = 9x5\/^z=45\/^. 

8. ^3 — V2 ^ 

/ 3 — \/6 

— \/6 + 2 



3 — 2 \/6 + 2 = 6 — 2 V6 

5 — 2 \/6 

5_2\/6 



25 — 10\/6 

— 10>v/6 + 24 
25 — 20\/6 + 24 = 49 — 20\/6 
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9. (-^2 a)» = ^S^Wc^. 

10. (Vl; + a;V3)* = \/F4- 2a:VF+a5'\/35 

= 3 + 6a: + 3a:*. 

11. (x* — y~*)« = (**)» — 2 a:* y"* + (y"*)' 

= « — 2x*y"* + y"^. 

EVOLUTION OP RADICALS. 
(Art. 144, pp. 216-218:) 

8. {s/^)^ — '^^. 



5. y<r^{xy)^ = a"* (a; y)* = a"* a;* y*. 

6. V25'^4a«'6=V'25 X 4^Icrh=b'^l^, Ans. 

9. V'l25a:* = 6a;*. 

10. <'64a»5*'v/2c5= ('l6a«*Vi'' X 2crf=2a«A'4^32^. 



(11.) 
x* + 6a:*yi + 9y 



2a;* + 8yi 



it* + 3yi 



6a:*y* + 9y 
6a;^y^ + 9y 
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RATIONALIZATION. 
(Art. 246, pp. 218, 219.) 

3. The factor x* will rationalize a:*", because x* X ^ 

4. 4 ^8^^ = 4 a* 6*; 4a*6* X «*&* = 4a J ; 

NoTB. It is evident, without the use of fractional exponents, that 
4 ^a 6* X f^^ = * V^«' 6* = 4 a 6. In general, such a radical quantity 
is rationalized by means of another radical of the same degree, with such 
exponents as wiU make the product a perfect power of the same degree 
as the radical, and thus remove the radical sign. 

5. a 2 X o* = a^ = o- The factor a a will rationalize a a, as the 
product will be a~* = ^ ; but it will not make the exponent positive, that 
is, it will not make the product integral. 

Note. The rule, as stated in the Algebra, is intended to apply to 
radicals in their simplest form. (Art. 233.) Thus, to rationalize y^a^ we 
first reduce it to a^a^ and then multiply by such a factor as will ration- 
alize V^a, without reference to the coefiQcient a, that being already ration- 
al. If, however, we are required to rationalize V^a', or a*^ as it stands, 
we must multiplif the given surd by the same quantity with such a fractional 
exponent (U, when added to the Jractioncd exponent of the given quantity, shall 
be equal to an integer. Thus, a* y(, a^ = a* = a". If the radical signs 
are *to be used throughout, we must multiply by such a radical, of the 
same degree, as will make the quantity under the radical a perfect power 
of ^e same degree as the radical. Thus, \^a* X ^o^ = ^o^ = a'* 

(Art. 247, pp. 219, 220.) 

2. (a + \/ft) (a — \^b) =za^ — b, 

3. (\^ — \^T) (\/5 + ^/l) = 5 — 1=4. 

NoTB. It will be observed that the radical sign over 1 does not change 
its value, and the multiplication may be thus expressed : 

(V^5 — 1) (V^5 + 1) = 6 — 1 = 4. 
13* 
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(Art. 249, pp. 220, 221.) 

2 ^^ — ^v^ — -^ 

3 ^ _ 1 V. V^— 1 _ V^ 8 — 1 _ /S — 1 
•3+1 /S + I •3 — 1 8 — 1 2 

2 2 ^^ •§ 2^8 , 

6 q _ g •& — •c _ a(^6 — •c) 

•5 + /c~^5+/c •6 — •c * — ^ 

•2 _ •? 8 + V^2 _ 8^2+ 2_ 3/2-f-2 



7 



6. ' = _JJ!^- X — 

S-.V^2 8 — ^2 8 + ^2 9 — 2 



IMAGINARY QUANTITIES. 

(Art. 255, pp. 223, 224.) 

1. The multiplication may be effected as indicated 
in the Algebra, or as follows: 

^/I^9X V-^ = 3\/^ x2^/^ = 6(— 1) = ^6. 

3. (l+V'III)(l-,V=T) = l— (— 1) = 1 + 1=2. 

4. ^ ^ZL = ^ , as the radicals cancel each other. 



6^—3 6^— 3 6 r^ 8- /5- 
2 •^ 10 2^/=rTo' 2 /=■ 
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RADICAL EQUATIONS 

LEADING TO SIMPLE EQUATIONS. 

(Art. 257, pp. 224-^226.) 

4. Given VS"+T — 2 = 8 

Transposing and uniting, Vx -|- 1 = 5 
Squaring, a? + 1 = 25 

Transposing and uniting, a: = 24 

6. Given \/a: + 7 = \/x + 1 

Squaring, a: -|_ 7 = a; -|- 2 \/i + 1 

Transposing and uniting, — 2 \/^ = — 6 
Dividing by — 2, VS = 3 

Squaring, x = 9 

6. Given 2 + \/3a: — 30 = 5 

Transposing and uniting, V3 a; — 30 = 3 
Squaring, 3 x — 30 = 9 

Transposing and uniting, 3 a: = 39 

Whence, a: = 13 

X. Given y^g — x + 6 = 8 — 1 

Transposing and uniting, V3 — x = 1 
Squaring, 3 — x = 1 

Whence, x = 2, Ans. 

8. Given x*— 7 = — 3 
Transposing and uniting, x* = 4 
Squaring, x = 16 

9. Given Vx + 6 = 3 
Squaring, x -|- 6 == 9 
Whence, x = 3 

10. Given V4 + x = 4 — s/x 

Squaring, 4 -j- x = 16 — 8 Vx + x 

Transposing and uniting, 8 Vx = 12 
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Dividing by 8, Vi =t= J 

Squaring, a; = f = 2 J 

11. Given y^ + 5 = 11 
Transposing and uniting, yi = 6 
Cubing, y = 216 

12. Given (^20 — \/2lc — 2 = 
Transposing, ^20 — V'2x = 2 
Involving to the fourth power, 20 — V'2x =16 
Transposing and uniting, — \^2x = — 4 
Squaring, 2 a; =: 16 
Whence, a; = 8 

X — ax Vx 



13. Given 



Yx 



X 



Clearing of fractions, a^ — aQi^ = x 

Dividing by a:, x — a a: = 1 . 

Whence. X^l-'^l^'l^ 



1— a 

Note. .Maltiplying the giyen equation by ^x will also produce 
X — a X =3 1. 

14. Given « (a?^ + «""^ =iax^ 
Multiplying by a:% a;(a;-|-l)==aa; 
Dividing by a:, a? + 1 = a 
Transposing, a? = a — 1 

NoTB. Performing the multiplication indicated in the original equation 
giycs x* + xs =* a x«, and this divided by x* also gives x + 1 = a. 

15. Given J — t- 3 = -j^ 

8 V^a: — 8 

Clear, of fractions, x — 9 + 9 V^ — 27 = 9 \/5 
Transposing and uniting, a: = 36 

16. Given °^- ^ =4 + *^°^"' 
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Perform, the divis. ind., ^^ax — 1 = 4 -| — ^ T' 

Clearing of fractions, 2 Va x — 2 = 8 -f- s/a x — 1 
Transposing and uniting, ^a x = 9 
Squaring, a a; = 81 

Whence, a; = — 

QUADRATIC EQUATIONS. 

PURi: QUADRATIC EQUATIONS. 
(Art. 263, pp. 227-231.) 

3. Given 3ar»_ 2 = 2ar»+ 2 
Transposing and uniting, a:^ = 4 
Evolving, a: = ± 2 

4. Given ^ + ^ =126 

Clearing of fractions, 6 a:^ + 2 x^ = 252 
Uniting terms, » ar» = 252 

Dividing by T, a:^ = 36 

Evolving, X = ± 6 

5. Given y^ = 9 a* 
Evolving, y = ± 3 a*, Ans. 

6. Given » (2 ar»— 6) + 5(3 — a:'^) = 198 
Expanding, 14 a;^ — 42 + 15 — 5 x^ = 198 
Transposing and uniting, 9 a;^ = 225 
Dividing by 9, a:^ = 25 
Evolving, a; = ± 5 

T. Given (a: + l)2 = 2ar + 17 

Expanding, ar»-f2a? + l = 2a;-fl'? 
Transp. and uniting, a;^ = 16 

Evolving, a; = ± 4: 
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8. Given a:« + aJ = 6a:* 
Transp. and uniting, — 4 a:^ = — ab 

Dividing by — 4, a^z=: — 

Evolving, x=z ± -|- = ± 2 ^^^ 

9. Given — Tf-=' i". 

Multiplying by T6, 10 a:^ + 60 = 525 _ 150 — 3 x« 
Transp. and uniting, 13 a:^ = 325 

Dividing by 13, a:» = 25 • 

, Evolving, xz=: ± 5 

10. Given (a? + 2)^ == 4 a: + 5 
Expanding, a:^ + 4a;-j-4 = 4a: + 5 
Transp. and uniting, a:^ = 1 
Evolving, X = ± 1 

11. * Given (2x — 5y=zx^ — 20x + T3 

Expanding, 4 a^ — 20 a; + 26 ==;: ar» — 20a; + T3 
Transp. and uniting, 3 a^ = 48 

Dividing by 3, x^ =: 16 

Evolving, a: = ± 4, Ans. 

12. Given 4a: — 150 ar^ = a: — 3 a;-^ 
Multiplying by ar, 4 ar* — 150 == a;'* — 3 
Transp. and uniting, 3a:^ = 14T 
Dividing by 3, ar» = 49 
Evolving, a: = db T 

13. Given ,^+_J_=8 

1 -{-X ' 1 X 

Clear, of fractions, 3 — 3a: + 3 -f 3a: = 8 — 8a:» 
Transp. and uniting, 8a:^ = 2 

Dividing by 8, x^ = i 

Evolving, x= ± i 
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14. Given a:« — ^ + 3a5 = ?a2 + 5^ 

Clear, of frac, 4 ar*— a« + 12 a 6 = 8 a^ + 4 5» 
Transp . and uniting, 4x2=9a2 — 12 ah + 4:1^ 

Evolving, 2x= ± (3a — 2 b) 

"Whence, x= ± — ^ — 

Or, x=±Qa — b^ 

16. Given c(a:«+4a5+45c) = a(a + 2c)2-j-rfar»— a«2^ 
Expanding first member, 

ca^ -{- 4:ahc -{- 4:bc^ = a(a + 2cy + da^ — an 
Transposing terms, 

cx^ — dx^=za(a-\'2cy — a^b — 4:abc — 4:b(r^ 
Factoring, (c — d)x^ = a(a'\-2cy—b(d + 2cy 
Or, {c — d)x'=(a + 2cy(a — b) 

Dividing by (c^.cO, «. = (M^ c)»_ J^)^ ^ 

Evolving, a: P= ± (a + 2 c) i/ ^"" ^ 

V c — rf 

Clear, of frac, 6 (a: + 2)^ + 6 (a: — 2y — 13 (x^ — 4) 
Expanding, 
6ar2 + 24 a: + 24 + 6ar» — 24 a: + 24 = 13a:a — 52 



17. 



Uniting terms. 


12«^ + 48 = 13«» — 52 


Transp. and uniting. 


— a:* = — 100 


Changing signs, 


•E»=100 


Evolving, 


x=±10 


fxivPTi or - 


■ S^-2_ , 2^-5 


\JI1 veil Uf 


■ bx ^ Sx 


Mult, by 15 a:, 15 a:* - 


-9a:«+6 = 45 — 10a:« + 25 


Uniting terms, 


6a:« + 6 = 70 — lOar" 


Transp. and uniting. 


16 a;" = 64 


Dividing by 16, 


a:«=4 


Evolving, 


a:= ±2 
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18. Given ^a__?_ = - 

Clearing of fractions, 9 (8 + y-*) — 18 = 10 
Expanding, 27 -f- Qy-*' — 18 :^ 10 

Transp. and uniting, 9y^ = 1 

Dividing by 9, - »-• .^ ^ f- y-a ==; ^ 

Evolving, i, ff^!r^=±i)^ 

Whence, -^ y = ± 3 

19. Given 14^ + 16 _ 2^ + 8 ^ 2j 

21 8a^— H 8 

Clearing effractions, 

1122^ — 262r»— 176 — 42i?«— 168 = 112«*— 154«2 
Transp. and uniting, 86 «* = 344 

Dividing by 86, «» = 4 

Evolving, « = ± 2 

20. Given (a + x)* -f '(« — «)■ = 2 fi» 
Expanding, 

a8 + 3a2a: + 3aa:» + ;^ + a8 — 3a«a; + 3aa:3— a»=2ft» 
Uniting, 2a» -rf- 6air2= 25» 

Dividing by 2, a* + 3aar» _-. y 

Transposing, 8 a a:^ == »» — a» 

Dividing by 3 a, a? = 5Lziff 

da 

Evolving, a? =; ± 4 /^ — «* 

V 8a 

(Art. 261, pp. 231, 232.) 

1. Given 22^ + y^5(4a:^ — 1) == 26 

Transp. and uniting, v^5(4ar» — 1) = J 

Squaring, 6 (4 a:^ _ j) _ ^ 

Dividing by 6, 4 a:^ — 1 = f 

Transposing and uniting, 4a:^ = f 

Dividing by 4, a:* = ^ 

Evolving, a? = ± i 



*>^c 



QUADRATIC EQUATIONS. 157 

Given v'^+'V^"^ ~ a 

Squaring^ ' a^ + v'S*^^^^^ = a^ 

Transposing, ^a* — a!^z=:a^ — a? 

Squaring^ a:* — a^=:c^ — 2 a?a:^ +^* 

Transp. and unitiag,^ 2 a^ ai^ = 2 rt* 

Dividing by 2 a^ a? = o^ 

Evolving, a: =s ± a 

Given \/ar» — 16 = ~ 



Squaring, a:^ — ^^ ^^ "25" 

Clear, of fract., 25 x^ — 16 X 25 = 9 a:* 
Transposing and uniting, 16 a:* = 16 X 25 
Dividing by 16, a:* = 26 

Evolving, a: = ± 5, Ans. 

Given Va^-\-a^ = ^h^ + a:* 

Inv. to the fourth power, a^-\-^a^ a:^+ ar* =s ft* + a;* 
Transposing and canceling, 2 a* a:* = 5* — a* 

Dividing by 2 a^ ar» = ^^^^ 



/ft* 
Evolving, a? = ± \/ — 



— a* 



2 a* 



5. Given JlZpM = 2Va? 

a • 4a:» + 128 . 
Squanng, r^ =;4i 



Clearing of fractions, 4 a:* + ^^^ = 12 a:* 
Whence, 8 a:^ = 128 

Dividing by 8, ar* = 16 

Evolving, a; = ± 4 



6. Given Va: + a = Vac + VP^^ 

Squaring, a: + « = ar + \/P^^4^^ 

Canceling a:, a = ^/W^\^ 



14 
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Squaring, a^ = ^ -}- ^ 

Whence, x^ = a^ — }^ 

Evolving, a; = ± /n/a^ — l^ 

T. Given x(10 + s^^ = 5 — a^ 

Squaring, 10 a:^ + a:* = 25 — 10 a:^ + ar* 

Transposing and uniting, 20 a:^ = 25 

Dividing by 20, a:^ = f 

Evolving, x= ±V} = ± iV5 

8. Given ar + (a* + x»)* = 2 o^ (cr» + ar»)"i 

Mult, by (cr* + a^i, a (o^ + x^* + a^ + x^ = 2 (^ 
Transp. and uniting, a: (a* + a;*)* = a^ — a? 
Squaring, a^ a^ -{- x* =2 a^ - — 2 o^ a:^ -f* ^ 

Transposing and uniting, Zc?a?=zc^ 

a* 
Dividing by 3 a*, 3i?= — 

Evolving, x=z ± — 



9. Given ^^=^ = 5 

Rationaliz. denom., !1 .^ ~~ J = ^ 
' a* — (a* — ar) 

Or, (^=V^JE^'=j 



Evolving, ? = ± Vh 

Clear, of fractions, a — Va^ — a:^== ± xV^ 
Transposing, — \/a^ — a^ = — a ± a; ^t/o 

Squaring, o^ — ar* = a^ if 2aa:\/6+fta:^ 

Transp. andchang. signs, 7?-\-ha^ =z ± 2ax \^b 
Dividing byar, a? + ^a:=±2a \/b 

Dividing by 1 + 5, a: = ± j— j-^ 
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10. Given 


v^+s/^:=^ 




Squaring, 


1^+/+'^=^^ 




Transp. and uniting. 


i±i+:-^=^3 




Clearing of fractions, (x + sy-^ (x—3y= 23 (a^ 
Or, ar» + 6ir + 9 4-ar»— 6a:4-9=23ar»- 
Uniting terms, 2 a:^ + 18 = 23 ar» — 207 
Whence, 21 ar» = 226 


-9) 
-207 


Dividing by 21, 


. 225 75 

21 7 




Evolving, 
Or, 


x=± V^ =± 5s^ 
a:=±5Vfi=±fv'21 


SIMULTANEOUS EQUATIONS. 




(Art. 2«5, pp. 232, 233.) 




2. Given 


iar»— 3/ = 21 
ix + 2}, = 


(1) 
(2) 


Clearing (1) effractions. 

Clearing (2) effractions. 

From (4), 

Squaring (5), 

Substituting (6) in (3), 

Or, 

Dividing by T, 

Evolving, 

Substituting in (5), ar = 


a^— 9y = 63 
a; + 4y = 

« = — 4y 

ley— 9^^ = 63 
1y' = 63 

y=± 3 
= (-4)X(i3)=Tl2 


(3) 

(5) 
(6) 
(?) 
(8) 
(9) 
(10) 

(11) 


Note. The values of x and y mast have different signs ; but it mat- 
ters not which one is ±, and which is if. (See Note, Art. 286, Alg.) 


3. Given 


( 5a;y— 3y«=100 
( 5x — 4y = 


(1) 

(2) 


Multiplying (2) by y. 


5xy — 4/=0 


(3) 
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Subtracting (3) from (1), f = 100 (4) 

Evolving, y = ± 10 (5) 

Substituting in (2), 6a? T 40 = (6) 

Tranaposing, *6x= ± 40 (Y) 

Whence, a: = ± 8 (8) 

. ^. (xy + ^=126 (1) 

*• Gi^®^ j 5y = 2a: (2) 

From (2), x = ^ (3) 

Substituting (3) in (1), ^ + y« = 126 (4) 

Clearing of fractions, 65^ + 2 j^ = 252 (5) 

Uniting terms, ? y» = 252 (6) 

Dividing by 7, y* = 36 (Y) 

Evolving, y=±% \ (8) 

Substituting in (3), x = ^ = ± 15 ( ^^®-(9) 






148 (1) 
(2) 

Multiplying (2) by Y, 21 ar» — T 3^ = Yt (3) 

Adding (I) and (3), 25 »« = 225 (4) 

Dividing by 25, 2^ = ^ (5) 

Evolving, a: = ± 3 (6) 

Substituting (5) in (2), 2t —f — 11 (7) 

Whence, f = 16 (8) 

Evolving, y = ± 4 (9) 

6 Given \ x + y = Zx-Zy (1). 

Transposing in (1 ), — 2 a: = — 4y (3) 

Dividing by — 2, a: = 2y (4) 

Cubing (4), a»=8y» (5) 

Substituting (5) in (2), 8/ — y' = 56 (6) 

Uniting terms, Y y* = 56 (t ) 
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Dividing by 7, y* = 8 (8) 

Evolving, y = 2 (9) 

Substituting in (4), a: = 2 X 2 = 4 (10) 

ix' + y'ix' — fr':: It :8 (1) 

I xf = 4.5 (2) 



7-. Given 



From (1), Sse" + Sf^llx'—ll^ (3) 

From (3), 9a:2_25y» (4) 

Evolving, 8a:= ± 6y (5) 

From (6), " «^=± T ^^> 

Substituting (6) in (2), ± ^ = 45 (T) 

Clearing of fractions, ±6^=136 (8) 

Dividing by ± 6, y* = ± 27 (9) 

Evolving, y = ± 3 (10) 

Substituting in (6), x=± ^^^"^^^ = 6 (11) 

o 

NoTB. The valae of x can only take the positive sign, for y* = 9, 
which, snbstitated in (2), gives 9x = 45, and x — 5, The same results 
are obtained if we first eliminate y* from (2) and (4), showing that if all 
the possible roots are taken, the answer is x =3 5 ; y = ± 3. 



8. Given 


x* + i^ = 97 


(1) 
(2) 


From (2), 


^-'-f 


(3) 


Squaring (3), 


^-r 


(4) 


Substituting (4) in (1), ' 


"f+^=^ 


(5) 


Clearing of fractions. 


16y* + 81y* = 9YX81 


(6) 


Uniting terms, 


97 y* = 9T X 81 


a) 


Dividing by 97, 


y* = 8i 


(8) 


Evolving, 


y=± 3 


(9) 


Substituting (8) in (1), 


a^ + 81 = 97 


(10) 


Transposing and uniting. 


iB«=16 


(11) 


Evolving, 


x= ± 2 


(12) 


14* 
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NoTB. Bj taking the sqaare root twice, we obtain 3^ = ±9, a^ =s 
± 4, and y = ± v^±T, « -= ± V^±T; that is, y = ± S, or ± S v^^^, 
« « ± 2, or ± 2 V^— I, 



PROBLEMS 

LEADING TO PURB EQUATIONS. 

(Abt. 266, pp. 234, 235.) 



2. Let 




« ix: the smaller number, 


and 




6 a; = the larger number. 


Then, 


26 «» 


— a:2_96 


Uniting terms. 




24a:2 = 96 


Dividing by 24, 




a? = 4 


Evolving, 




x = 2, the smaller number. 


Then, 




6 a; = 10, the larger number. 


8. Let 




3 a? = length of the field. 


and 




2 a: = breadth of the field.^ 


Then, 


6a:« = 3 A. 3 R. = 600 rods. 


Dividing by 6, 




a:«=100 


Evolving, 




a; =10 


Then, 




3 a; = 30, the length. 


Also, 




2x = 20, the breadth. 


4. Let 


» = 


= no. yards in first piece. 


and 


y = 


: no. yards in second piece. 


Then 


«« = 


= entire price of first, in dimes, 


and 


y^ = 


= entire price of second, in dimet 


Therefore, 




a; + y = 36 (1) 


and. 




a;« : y« : : 4 : 1 (2) 


From (2), 




^ = 4.!/^ (3) 


Evolving, • 




a: = 2y (4) 


Substituting (4) in 


(1), 


2y + y = 36 (5) 


Uniting terms. 




3y = 36 (6) 


Dividing by 3, 




y=12 (7) 


Substituting in (4), 


a: = 


= 2 X 12 = 24 (8) 
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NoTB. If oBly one unknown q^andty be used, the eqnatioir may be 



derived from the proportion 2* 


:(36— a:)«:;4:l. 




6. Let 
and 


X = the first number, 
y = the second number. 


Then 


xy = 1dO 


(1) 


and 


-=3J 


(2) 


From (2), 


^— 8 


(3) 


Substituting (3) in (1), 


r='5. 


(4) 


Clearing offractions, 
Dividing by 10, 
Evolving, 

Substituting in (3), sc = 


lOjr' = 2250 
y« = 225 
y=l6 


(5) 
(6) 
(t) 

(8) 



6. Let X = no. men in front, at first, 

and x-^- 5z=:iio. men in depth, at first. 

Then a: (a: -|- 6) = whole number of men. 

Therefore, a:(x + 6) = 5(a: + 846) 

Or, a:a + 5x = 6a: + 4226 

Whence, x^ = 4225 

Evolving, a: = 65 

Hence, ar (a: + 6) = 4650 

T. Prom the conditions, 2ba? + 49 a:^ ^ 81 ar» = 620 
Or, 165a:2 = 620 

Dividing by 165, a:^ = 4 

Evolving, a? == 2 

!5a;=10) 
Y a: = 14 ? Ans. 
9a:=18) 

8. Let X represent the number of boys, and it will also 
represent the number of bags taken by each, and the num- 
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ber of nuts each bag would hold. Therefore x X x = oc^ 
will represent the whole number of bags, and a:* X « = «* 
the whole number of nuts. 



Hence, 
Evolving, 

9. Let 
and 
Then 
and 

Therefore, 

Clearing of fractions, 
Uniting terms, 
Dividing by llT, 
Evolving, 

Hence, 



a? = 1000 
a: =10 

X = side of the smfller, 
— = side of the larger. 

a? = contents of smaller, 

1252* 

— ^— = contents of larger. 



125 a^ 



8 



111 



10. 



Let 
and 

Then 
and 
Also 
and 



15| 



125a:» — 8a» = 936 
llTa» = 936 

x=z2 

¥=' 

X = A's distance, 
y = B's distance. 

:^^ = A's rate per day, 

bo 



= B's rate per day. 

no. days A traveled,* 



28 

4y 63 a? 

63 4y 

r — = — - = no. days B traveled. 

28 ar *^ 



From the conditions, x — y = 18 

63 X 28 y 

4y X 



Also, 



Clearing (2) of fract., 63ar» = 112y» 
Dividing by T, 9 ar» = 16 y* 

Evolving, 3 a; = 4 y 



(1) 

(2) 

(3) 
(*) 
(6) 
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Or, 3a: — 4y = (6) 

Multiplying (1) by 4, 4 a; — 4 y = 12 (T) 

Subtracting (6) from (1), x=12 (8) 

Substituting in (1), 12 —y = 18 (9) 

Whence, y = 54 (10) 



AFFECTED QUADRATIC EQUATIONS. 

FIRST METHOD OF COMPLETING THE SQUARE. 

(Art. 269, pp. 236-242.) 

6. Given x^-{'2x=% 

Compl. square by adding (f )^ a:*4"2a5+l = 9 
Evolving, a: + 1 = ± 3 

Transposing, x=. — 1 ± 3 

Uniting, x = 2, or — 4 

,^ T. Given x^ — 4a? = -r-4 

Completing the square, a^ — 4a:4-4= 

Evolving, X — 2 = ± 

Transposing, a: = 2 ± 

Or, a; = 2, or 2 

8. Given si^ — 6x=z55 
Compl. the square, ar* — 6a:-f-9 = 64 
Evolving, X — 3 = ± 8 
Transposing, a: = 3 ± 8 
Uniting, a; = 11, or — 6, Ans. 

9. Given a:»4- 12a; + 35 = 
Transposing, aj^-["12a:= — 35 
Completing the square, ar* -|- 12 a? + 36 = 1 
Evolving, a: + 6 = ± 1 
Whence, x = — 6±1= — 5, or — *l 

10. Given 3 2^ + 48 = 30 a? 

Transposing terms, 3 «" — 30 « =; — 48 
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Dividing by 8, a^—lOz=z — ie 
Completing the square, a;^ — 10 « + 25 — 9 
Evolving, « — 5 = ± 3 
Whence, 2 = 6±3 = 8,or2 


11. 


Given 

Compl. the square. 

Evolving, 

Transposing, 


X — a= ± \/cr* + h 
x = a± V<^ + b 


12. 


Given 
Or, 

Compl. the square. 

Evolving, 

Whence, 


iX^=zzSx+lO 

a^ — Sx=lO 

aj=^±J=6,or— 2 


13. 


Givea 

Or, 

Dividing by 2, 

Compl. the square. 

Evolving, 

Whence, 


2a; + 60 = 2a:2 

2a:« — 2a; = 60 
a" — X = 30 
a? — x + i:=^BOi^J^ 
.x-i=±^ 

x — i±^=6,OT—6 


14. 


Given 
Dividing by 4, 


f + ^!/ = i 



Compl. the square, ^-|-2y+^ = i + ^ = f 

Evolving, y + 1 = ± J 

Whence, y — — l±i — iot—^ 

16. Given 6 2:^ + 20 = 25 a: 

Transp. and div. by 6, a^ — 5x = — 4 

Compl. the square, a* — 5a: + ^ = ^ — 4 = f 
Evolving, a? — J = ± f 

Whence, a: = J±J = 4,orl 

16. Given 3 a: + 4 = 39 x"^ 

Multiplying by a:, 8 *■ + 4 a; = 39 

Dividing by 3, «« + t « = 13 
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Compl. the square, a:^ J x + f = 13| = -ifi^ 

Evolving, a: 4" f = ± -V^ 

Whence, a: = — | ± -y^ = 3, or — ^ 

11. Given 6ar» — 40x==T0 

Dividing by 5, a? — 8 x = 14 

Completing the square, a? — 8 a; + ^^ = 30 
Evolving, a: — 4 = ± VSO 

Transposing, a = 4 ± \/30 

18. Given 8 a; = 10 + i a:* 
Transposing, — ^a:^-|"3a?=10 
Mult, by — 4, a:^— 12a: = — 40 

Compl. the square, a^ — 12 a; + 36 =^— 4 

Evolving, a: — 6 = ± V— 4= ± 2 V— 1 

Transposing, a: = 6 ± 2\/ — 1 

Note. Mnltipljing bj ^4, is the same as dividing bj — 4> ^^ coef- 
ficient of a^, according to the Bale and Note 1. 

19. Given a* — 6 a? = 
Compl. the square, a*— 6a:-}-9 = 9 
Evolving, a: — 3 = ± 3 
Whence, a;=:3±3 = 6,or0 

Note. By diyiding the original eqnatba by x, and transposing, we 
obtain at once r = 6. , 

20. Given cr^ x -^ a ar^ ::= 2 cr^ 
Multiplying by a a:, a^ -^ c^ = 2x 
Transposing terms, st^ — 2 x = — a* 
Compl. the square, a* — 2a? + l = l — ^ 
Evolving, X — 1 = ± \/l — a^ 
Transposing, a? = 1 ± Vl — a* 

(Art. 170, pp. 242, 243.) 
1. In this equation, p = — 8, and ^ = 9 ; hence 

a:=4 ± V9 + (— 4)^=4 ± V26=4 ± 5=9, or— 1. 
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2. In this equation, p = Iflf aJ^d g = — 65 ; hence 
x = —S± V— 65 + 8« = -r-S' ± V9 = — 8 ± 3 
= _6, or— 11. 

. 8. In this equation, pz=: — 20, and q = 800 ; hence 
' «= 10 ± VSOO + (— 10)2= 10 ± V^900 = 10 ± 30 
= 40, or— 20. Ans. a: = 40,.or — 20. 

4. I^ this equation, p = 5, and ^ = 14 ; hence 

= 2, or— t. 

6. Multiplj2pg the given equation by 3, which is the 
same as dividing by i, the coefficient of a?, we have 
ar* -|- J X = 63, in which p=^i, and 5^ = 63 ; hence 

x= — i ± V63 + (|)^=— f ± V^[op__ J J. 3^ 
= 6, or — 10^. 

6. Given ja«_ja:+Tf = 8 

Multiplying by 2, a»— Ja: + 14J = 16 
Transp. and uniting, a^ — f«=li- = |- 
In this equation, p = — f , and 5^ = |- ; hence 

SECOND METHOD OF COMPLETING THE SQUARE. 
•(Art. 272, pp.'^243-248.) 

4. Given a:^ — 1x + 6 = 

Transposing, a^ — T x = — 6 

Multiplying by 4, 4 a:* — 28 x = — 24 
Completing the square, 

4a:« — 28a: + 49 = 25 
Evolving, 2x — T =: ± 5 

Transposing, 2 x = T ± 5 =: 12, or 2 

Dividing by 2, x = 6, or 1 
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5. 



Given 


:«« + | = 3 




Clearing of fractions, 

Multiplying by 8, 

Completing the square, 

Evolving, 

Whence, 

Dividing by 4, 


2ar' + a; = 6 
16x»+8a: = 48 
16a:« + 8a;+l=49 

4:X = — 1 ± t = 6, or - 
X = 1 J, or - 


-8 
-2 



6. Given 10a: = 6ar» + 4 

Transposing, — Qx^ -^ 10a:==4 

Dividing by —2, dx^ — dx=: — 2 

Multiplying by 12, 36 a:^ — 60 a; = — 24 
Compl. square, 36a:^ — 60a: + 25 = 1 
Evolving, 6 a: — 6 = ± 1 

Whence, 6a: = 6 ± 1 = 6, or 4 

Dividing by 6, xz= 1, or f , Ans. 

1, Given 5a^=51 — 4:X 

Transposing, 5a:^-|-4a:==5'r 

Multiplying by 6, 25 a:« + 20 a: = 285 

Compl. square, 25 a:* + 20 x + 4 = 289 

Evolving, 5a: + 2= ± IT 

Whence, 6 a? = — 2 ± 17 = 16, or —19 

Dividing by 6, a: = 3, or — 3| 

Note. As 4, tihe coefficient of x, is an even number, we complete the 
square by Note 2. 

ff ^ 

8. Given = 2aa: — c a^ 



Transposing, 




ex" 


c 

— 2aa; = 

c 


Multiplying by c, 




c'x'- 


••2acx = l^ — c? 


Compl. the square, 


c^o* 


— 2acx + d' = l^ 


Evolving, 






ex — a=i ± h 


Transposing, 






cx=:ia ±h 


Dividing by c, 






X = 

c 


15 
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NoTB. By multiplying the equation by c, we both clear of fractions 
and make the first term a perfect square. As 2 a is even, we use c in- 
stead of 4 c, according to Note 2. 

9. Given ^'\^b3r^ = c 

Multiplying by a a;, 3i^'\'ah=za€x 
Transposing,* a? — acx=: — ah 

Multiplying by 4, 4a* — 4.acx = — 4a5 
Compl. the square, 4a:*— 4aca; + a^c* = aV— 4aft 
Evolving, 2x — a€=±Va^<^ — 4a6 

Transposing, 2 a: = a c ± Vc^ < ? — 4 a 5 

Dividing by 2, a = g ' 

10. Given (a; + 1) (2a: + 3) =4a:*- 22 
Expanding, 2a:*+ 6a: + 3 = 4a:* — 22 
Transposing and uniting, — 2a:* + 6a: = — 26 
Multiplying by — 8, 16 a:* — 40 a: = 200 
Compl. the squai'e, 16 a:* — 40 a: + 25 = 225 
Evolving, 4x — 6 = ± 16 
Whence, 4 a: = 5 ± 16 = 20, or — 10 
Dividing by 4, x = 6, or — J 

11. Given f (3/^ — 3)=i(y — 3) 
Clearing of fractions, 6(s/* — 3)=y — 3 
Expanding, 6^*— 18=y — 3 
Transposing and uniting, 6 ^^ — y = 16 
Multiplying by 24, 144 y* — 24 y = 360 
Completing the square, 144^*— 24y + 1 = 361 
Evolving, 12y— 1 = ±19 
Whence, 12y = 1 ± 19 = 20, or — 18 
Dividing by 12, y = J, or — f 

12. Given ^ a:-* + f x'^ + J = 

First Solution. 
Clearing of fractions, &c., 2 x"^ + 5 a:"^ = — 3 

Multiplying by 8, 16»-* + 40x-i = — 24 
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Completing the square, 16 ar* -j- 40 a:~^ -f- 26 = 1 
Evolving,. 4a;""^ -}- 6 = ± 1 

Whence, 4 a:""^ = — 5 ± 1 = — 4, or — 6 

Dividing by 4, x"^ = — 1, or — J 

Hence, a; = — 1, or — f 

Second Solution. 

Multiplying by2ar', 2 + 6a: + 3a:3 = 

Transposing, 3ar*-f-5a^ = — 2 

Multiplying by 12, BQa^ + QOx = — 24: 

Completing the square, 36 a:^ + ^^ * + 25 = 1 

Evolving, 6 a: + 5 = ± 1 
Whence, 6a: = — 6 ± 1= — 4, or — 6 

Dividing by 6, a? = — §, or — 1 

NoTB. Any of the aboye. examples may be solved by Note 4, if the 
teacher prefers to use the formula there given. 

THIRD METHOD OF COMPLETING THe' SQUARE. 
(Art. 27S, pp. 248, 249.) 

1. Given 9a:» — 6a: = 8 
Compl. the square, 9 x^ — 6 a? + 1= 9 
Evolving, 3 a: — 1 = ± 3 

Whence, 3 a; = 1 ± 3 == 4, or — 2 

Dividing by 3, a; =: |, or — f 

2. Given 4:a^ + 4:X=S 
Adding (^y, 4a:»+4a:+ 1 = 4 

Evolving, 2 a: + 1 = ± 2 

Whence, 2 a; = —1 ± 2 = l,or— 3 

Dividing by 2, a: = i, or — f , Ans. 

8. Given 27aar* + 6 5a: = - 

Multiplying by 3 a, 81 a^x^ +18a5a: = 35« 

Compl. the square, 81 a^x!^ + 18 a 5a; + J'' = 4 3» 
Evolving, 9ax'\-b=±2b 
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Whence, 9ax = — h± 2b=h, or — 36 

b b 

Dividing by 9a, * ~ 95' ^^ "" sS 

4. Given 60a:* + 4a: = ^ 

Dividing by 2, 25 a;" + 2 a; = /^ 

Adding (^^)! 26x« + 2x+^V = A + 2V = tVV 

Evolving, ' 6 a: + i = ± T^^ 

Whence, 6a: == — ^ ± ^^ = y^^, or — -ft 

Dividing by 5, x = ^^, or — -^^y 

NoTB. If we mnltiply by S, instead of dividing by 2, the equation b# 
comes 100a;' + 8ir + ^s=H, after completing the sqnare. 



6. 


Given 


6ar» 


(5ar» — 12)=— 36 




Expanding, 


25 


x-*— 60x-i = — 36 




^•^•^^(2^25)' 


25 ar^ - 


-60 a:-' + 36 = 




Evolving, 




6ar-»— 6 = 




Transposing, 




5a:-i = 6 




Dividing by 5, 




x-'=i 




Hence, 




a: = 4 



Note. If the unknown quantity contained in the first term is thl^ 
square of that contained in the second, that unknown quantity will dis 
appear in the third term. Hence, in such instances, we may use onl^ 
the coefficients, in determining what to add in completing the square, nS 
in the above solution. 

6. Given ^ + 4a;=lt 

Adding (4 ^ 2 y/^y, g + 4a: + 64 = 8I 

Evolving, I + 8 = ± 9 

Whence, j = — 8 ± 9 = 1, or — IT 

Multiplying by 4, x = 4, or — 68 
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Given g4.3a: = 21 

Dividing by 3, g + ^^ = T 

Adding (1 -. 2 V^)», £+:«+'9 = 16 

Evolving, I _|_ 3 =, j_ 4 

Whence, | = — 3±4=l,or— Y 

Multiplying by 6, a: = 6, or — 42 

(Art. 274, pp. 250-252.) 

Given x^— 14 a: = 120 

Adding (-^)2, «^_14a: + 49 = 169 
Evolving, x — 1=± 13 

Transposing, a; = t ± 13 

Uniting, a: = 20, or — 6 

Given a^ —=21 

Clearing of fractions, 2 a:^ — 3 a: = 64 

Multiplying by 8, 16 ar* — 24 a: = 432 

Adding 3^, 16 a:^ — 24 a; + 9 = 441 

Evolving, 4.3; — 3 = ± 21 

Whence, 4 a; = 5 ± 21 = 24, or — 18 

Dividing by 4, a; = 6, or — 4J 

Given 2 a:^— 10 a; = 100 

Dividing by 2, ar' — 6 a: = 50 

Adding {^y, a:» — 5a;4-^ = 50 + ^^ = ^fi 

Evolving, X — f = ± J^ 

Transposing, a? = ^ ± J^i 

Uniting, ^r = 10, or — 6, Ans. 



-2 
-2 



4. Given 16 a:-* — 4 = 12 or' 

Dividing by 4, 4 ar-i — 1 = 3 ar 

Transposing, &c., 3a:-^ — 4x-^ = — 1 . 

15* 
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Multiplying by 3, 9x'-^—l2ar^ = — 3 

Adding (f)^ 9ar« — 12ari+ 4 = 1 
Evolving, 3 ar-i — 2 = ± 1 

Whence, , 3 a:-^ = 2 ± 1 = 3, or 1 

Dividing J)y 3, ar* = 1, or ^ 

Hence, a: = 1, or 3 

6. Given a? — A^ = tV 

Adding(3?^)S a»— Aa: + y^ = T\y + T«Tr = A?TF 
Evolving, X — y^cr = i A 

Transposing, a: = /tt ± A 

Uniting, a: = i, or — i 

6. Given ?|!+3J = | + 8 

Multiplying by 6, 4a:« + 21 = 3 x + 48 

Transp. and uniting, 4a:^ — 3 a: = 21 

Multiplying by 16, 64 a:^— 48 a: = 432 

Adding 32, 643:* — 48 a: + 9 = 441 

Evolving, 8 a: — 3 = ± 21 

Whence, 8 a: = 3± 21 =24, or— 18 

Dividing by 8, a: = 3, or — f , Ans. 

T. Given n'^T — ^^ 

Multiplying by 3, ^ + 20 = 6 a? 

Transposing, j — 62? = — 20 
Adding(6-T-24/^', —62^+36 = 16 
Evolving, - — 6 =: ± 4 

Whence, | = 6 ± 4 = 10, or 2 

Multiplying by 2, z = 20, or 4 

. NoTB. This equation is also readily solyed by the first method of 
completing the square. 
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8. Given 2a? + 15 = 3x 
Transposing, 2a^ — 3a: = -^15 
Multiplying by 8, 16a^—24:X — — 120 

Adding 3^ 16 a:* — 24a? + 9 = — 120 + 9 =— 111 

Evolving, 4 a; — 3 = ± V— 111 

Transposing, 4 a: = 3 ± \/— 111 

Tx. . ,. , . 3 ± V^— 111 . 
Dividing by 4, x= j 

NoTB. These valaes are imaginary, ^ 

9. Given a:2_ g^? + 19= 13 
Transposing and uniting, ar* — 6 x = — 6 



10. 



11. 



Adding (f )S 


x^— ex -^9 = — 6+9 = S 


Evolving, 


x — S = ± Vb 


Transposing, 


x = s±Vs 


Or, 


ar = 3 ± 1.T32 


Hence, 


a; = 4.732, or 1.268 


Given 4 


aa? — 2hx = e 


Mult, by 4 a, IQc^a^ — Sahx = 4:ac 


Adding (^y, Ua'a^' 


-8aftx+53 = 4ac4-52 


Evolving, 


4:ax — b=± \/4.ac + l^ 


Transposing, 


4:axz=zh ± \/4 ac + li^ 


Dividing by 4 a, 


b±V4ac + b' 
^— 4a 


Given 


a:2_4=16— (a: — 2)« 


Expanding, 


ar» — 4 = 16 — a:2+4a: — 4 


Transp. and uniting, 


2a? — 4:xz=l6 


Dividing by 2, 


a^^2x = S 


Adding (J)^ a^ 


— 2a: + l = 9 


Evolving, 


a:— 1 = ± 3 


Whence, 


' x=zl ±3 = 4, or — 2 



12. Given (Sx — S) (2x — 6) = (x + S) (x—1) 

Expanding, 6** — 25a; + 25 = «* + 2a! — 3 
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Transp. and uniting, 6 a:* — 2T a? = — 28 
Mult, by 20, 100 a* _ 540 a; = — 660 

Adding 27*, 100 a:*— 640 ar +729 = 169 
Evolving, 10 a: — 27 = ± 13 • 

Whence, 10 a: = 27 ± 13 = 40, or 14 

Dividing by 10, a: = 4, or | 

13. Given (2ar — 3)* = 8a: 
Expanding, 4a:*— 12a: + 9 = 8 a: 
Transp. and uniting, 4a:* — 20a: = — 9 
Adding (20 -f- 2 Vi)*, 4a:*— 20x + 25 = 16 
Evolving, 2 a: — 6 = i 4 
Whence, 2a: ='6 ± 4 = 9, or 1 
Dividing by 2, a: = f , or J 

P NoTB. The aboye equation is also readily solyed by the first method 
< of completing the square. 

14. Given 4 (« — 3)* + f = a: 
Expand, and mult, by 6, a:*— 6a: + 9 + 27 = 6a: 
Transposing and uniting, a:* — 12a: = — 36 
Adding (^)*, a:* — 12 x + 36 = 
Evolving, X — 6 = ± 
Transposing, a; = 6, 01V4.6 

15. Given a:* + (a: + 1)* == J^ x (a: + 1) 

Expanding, a:*-|-a:* + 2a:+l = i ? 

Clear, of fract., 6ar» + 6a:* + 12a: + 6 = 13a:* + 13a: 
Whence, 7^ '\' x-=z^ 

Adding (i)*, " a:* + a:+i = 6i=^^ 

Evolving, a: -f- ^ = ± j. 

Whence, a: = — J± f = 2, or — 3. 

16. Given 3 (2 — a:) + 2 (3 — a:) = 2 (4 + 3a:*) 
Expanding, 6 — 3a: + 6 — 2a:=:8 + 6ar* 
Whence, 6ar*+6a:=:4 
Multiplying by 24, 144 a:* + 120 x = 96 
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' Adding 5^ 144 ar» + 120 x + 25 = 121 
Evolving, 12a: + 5=± 11 

Whence, . 12 x = — 6 ± 11 = 6, or — 16 
Dividing by 12, x = J, or — ^ 

n. Given 4 (a:_l) _?^^ = 3f 

a X 

Mult, by 4 X, 16a:2_i6^_2a;+2 = 15a: 
Transp. and uniting, 16 a:^ — 33 a: = — 2 
Adding (33 -r- 2 Vie)^, 

16a:2_ 33a. ^ (V)' = -^F — 2 = W 
Evolving, 4 a: — ^ = ± V 

Whence, 4 a: = -^^ ± 5^= 8, or \ 

Dividing by 4, a: = 2, or -^ 



ISr. Given _?_ + f = 3 

■ 1 • a: 



6 

Clear, of fractions, 6a:-|-2x + 2 = 3ar^ + 3a: 
Whence, 3 a:^ _ 5^ _ 2 

Multiplying by 12, 36 a:^ _ gg a: = 24 
Adding 5^ 36 a:^ — 60 a: + 25 = 49 



19. 



Evolving, 


6ar— 5=±7 


Whence, 


• 6a: = 5± 7 = 12, or— 2 


Dividing by 6, 


a; = 2, or-— 4 


Given 


i,+- 5=0 




X-\-\ ' X 


Clear, of fract., 1x'\-\ 


2a: + 2 — 5a«— 5x=0 


Whence, 


5a!* — 4x = 2 


Multiplying by 5, 


25a!* — 20x=10 


Adding (J)^ 


25 a!* — 20x + 4=14 


Evolving, 


5x — 2= ± \/i4 


Transposing, 


5 a: = 2 ± Vli 


Dividing by 5, 


2 ± Vil 


Or, 


a;= 1.148, or — 0.348 
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20- Given _^ = . .^1_ 

Clearing of fractions, 3a:* — 6a; = 7a:-(- 420 

Transp. and uniting, 3 a:* — 12 a: = 420 

Dividing by 3, o^ — 4 a? = 140 

Adding (J)*, a"— 4ar + 4=144 

Evolving, a? — 2 = ± 12 

Whence, a: = 2 ± 12 = 14, or — 10 



21. Given 8a: + 11 + T ar-i = 3 + ^ 

Mult, by Ta:, 66a:*+ TTa; 4-49 = 21a: + 65 a:* 
Whence, 9 ar* — 66 a: = 49 

Adding (^y, 9a:*— 56a:+(^/)* = 49 + if^ = i^^ 

Evolving, • 3 a: — ^«- = ± -s^ 

Whence, 3 a: = ^^ ± -^^ = 21, or — J 

Dividing by 3, a: = T, or — \ 

22. Given -^ ? = 3* 

6 — X 7 ^ 

Clearing effractions, 14*7 — 6a:-|-ar*=115 — 23 a: 

Transp. and uniting) a:*-f- 18a: = — 32 

Adding- (J/)*, a:* + 18 a: + 81 = 49 

Evolving, a: + 9 = ± T 

Whence, a: = — 9 ± 7= — 2, or— 16 



23. Given ^"7^/ = a: — 3 + a:-^ 

Mult, by a: (a: + 3), a:^ — 6 a:* = a:8_9a: + a:4- 3 

Transp. and uniting, — 6a:*-|-8a: = 3 

Mult, by— 5, 25a:* — 40a: = — 16 

Adding (§)*, 26 a:* — 40 a: + 16 = 1 

Evolving, 6 a: — 4 = ± 1 

Whence, 6a: = 4±l = 6, or3 

Dividing by 6, a: = 1, or f 
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24.. Given . ^^^s^^ = ^^ 

Multiplying hjx(x + 6) (« + 2), 

a:^ + 2a: + 8*2 -jL 64a; -f 96 = 3ar^ 4- l^a: 
Transp. and uniting, 6 a;^ + 48 x = — 96 

Dividing by 6, a:^ + 8 a; = — 16 

Adding (|)S a^'^Sx-^lQ = 

Evolving, a; + 4: = ± 

Whence, aj = — 4±0 = — 4, or — 4 

25. Given _^ + -_ = __j- 

Clearing of fractions, 
s^ — >lx + Q + s^—2a^ — 5x + Q = 2J — Sa^ — Sx+12 
Transp. and uniting, a^ — 4a; = 
Adding ( J)2, ;c2 — 4a: + 4 = 4 
Evolving, * X — 2 = ± 2 

Whence, a: = 2±2 = 4, orO 

Note. Dividing the equation a:* — 4 a: = by a:, reduces it to a sim- 
ple equation, and gives at once, a: = 4. 

^^ ^. 8a; — 2 , 2a: — 5 10 

26. Given - ___ + ^_— ^ = - 

Clearing of fractions, 

3(3a; — 2)2 4-3(2a; — 6)2 = 10(2a; — 6)(3a; — 2) 

Expanding, 
2Ta;^— 36a; + 12 + 12ar»— 60a; + T5 = 60a:2_i90a;+I00 
Transposing and uniting, — 2Ia;2 + 94a;=13 
Dividing by — 21, ^ — ^k^ = — if 

Adding (H)^ 7?-l^x+ {i\f = -Wf 

Evolving, a?— 1^ = ± It 

Whence, a; = |1 ± |t = -*/, or + 

2T. Given a^-^ax + hx + ah — 

Transposing, &c., a^ + (a + 5) a? = — a ft 
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Adding («4-y, 
; ^+(a+5).+(i±iy=:(i±iy_«j=?Lzifid^ 

Evolving, X -] ^—- = ± — 



2 -^2 

m • — a — 6a — 6 

Transposing, x = — ^ — ± ~T~ 

Uniting, ar = — 5, or — a 

28. Given arfa — acx^z=ihcx — hd 
Transposing; Ac, acac* — (ad'-^bc)xz=hd 

Molt, by 4ac, 4a* c* a* — 4ac (a(^ — bc)x:=4:abcd 
Adding (ad — b <?)', 
4.(t'c'3if—4:ac(ad—bc)x+{ad—bcy = (^d^+2abcd+l^c^ 
Evolving, 2acx — (ad — be) = ± (ad-\-bc) 
Transposing, 2acx = ad — be ± (ad -{-be) 

Uniting, 2acx==2ti(f, or — 2b c 

Dividing hj2ac, a: = - , or 

29. Given (« + ft) ar»— cx = ^^ 

Mult, by 4 (a + 5), 4(a + ft)2a:« — 4c (a + 5) «.= 4ac 
Adding c", 4(a-f5)2a:« — 4c(a + 5)x + c' = c2 + 4ac 
Evolving, 2(a + ^)a; — e= ± \/?-P4a^ 

Transposing, 2(a -{' b) x = e ± \^c^ -{- 4:ac 

Dividing by 2 (a + ft), a: = ^4^^^ 

80. Given V^ + \/^ = 6 \/S 
Dividing by \/x, a^ -^ x = 6 

Adding ay, a:» + a:+i = 6i = V 
Evolving, a: + i = ;fc J 

Whence, x=: — } ± J = 2, or — 3 

31. Given {^^ + 5)^ C? a; + 1)* ;;= 30 

Squaring, (4 a; + 5) (7 a? + 1) = 900 
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» 

Expanding, 28 a:^ + 39 a: + 6 = 900 

Transp. and uniting, 28 a:^ + 39 a: = 896 

Dividing by 28, a:» + f | a: = V^ 
Adding (f f )», aj« + Jf a: + {UT = ^^F 

Evolving, a: + f I = ± ^«^ 

Transposing, « = — f f ± W 

Uniting, ar = 6, or - 



32. Given V^ — T a: = — 62 
Transposing, \^2x = T a: — 62 
Squaring, 2 a; = 49 a:^ — T28 a? + 2T04 
Whence, 49 a:* — T30 a: = — 2T04 

A J J- /730 V >in^ »Ton L /365V 729 
^^^'""^y^' 49a:*-T30a: + ^— j= — 

Evolving, 1x — ^^=±^ 
Transposing, T a: = ^fi ± ^ 

. Uniting, T a? = 56, or ^ 

Dividing by T, a: = 8, or ^^ 

33. Given Vx + 3 + V^a: + 8 = 6\/i 
Transposing, \^x + 3 = 6 \^x — \^x + 8 
Squaring, a? + 3 = 25 a; — 10\/a:^ + 8a? + a; + 8 
Transp. and unit., 10 \/?+^ = 26 a: + 5 

Dividing by 6, 2 \/a;*+8x = 5 a; + 1 

Squaring, 4a:* + 32a; = 25a:2 ^ 10a; + 1 

Whence, * 21 a:^— 22 a; = — 1 

Mult, by 21, 441 a:^ _ 452 a; = — 21 
Adding (^y, 441ar*— 462a;+ 121 = 100 

Evolving, 21 a; — 11 = ± 10 

Whence, 21 a; = 11 ± 10 = 21, or 1 

Dividing by 21, a; = 1, or ^ 

34. Given Va: + 4 — Vx = \/x~+ f 

Squaring, a; + 4 — 2\/a:*+ 4a; + a? = a; + f 

Transp. and uniting, — 2 \/a;^ + 4a; = — x — J 

16 
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Squaring, 4a:* + 16ar = a:«+6a; + ^ 

Transp. and uniting, 3a:*+ lla: = V 

Multiplying by 12, 36 ar^ + 132 a? = 16 
Adding (11)2, 36 a:* + 132 x + 121 = 196 

Evolving, 6x'{-li = ± 14 

Whence, 6 a: = — 11 ± 14 = 3, or — 25 

Dividing by 6, ar = i, or — ^ 

36. Givea J±i = . + (£)* 

Dividing both numerator and denominator of the first 



ber by a? + 1, — — 


ir-'+w 


Whence, 


af-'-^-^-' ■ 


Or, 


(i)*=i^ 


Squaring, 


6 1 


x~a:« — 2x4-1 


Clearing of fract., . 


6«*— 12x + 6=a; 


Transp. and uniting, 


ear"— 13a? = — 6 


Multiplying by 24, 


144a» — 312a; = — 144 


Adding (13)«, 144 a:* — 312 a: + 169 = 25 . 


Evolving, 


12x— 13=± 5 


Whence, 


12x=13 ± 5 = 18, or 8 


Dividing by 12, 


X = i,OTi 



36. Given s/x + Va — x = \/J 
Squaring, x -j- 2\^ax — aj^-f-a — x = b 

Whence, 2 \/a a: — x^ = b — a 

Squaring, 4aa? — 40^ = ^* — 2ab -^ a^ 

Or, 4a:2_4^a.__^2^2a5 — 5? 

Adding(-^y, 4a:» — 4aa:+ a« = 2a5 — J» 

Evolving, 2x — a=± ^2ab — 1^ 
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Transposing, 2 a? = a ± \/2 ab — 6^ 
Dividing by 2, a: = 



EQUATIONS IN THE QUADRATIC FORM. 

(Art. 276, pp. 253, 254.) 

3-. Given a:*— Qa:^ + 20 = 

Transposing, a?* — 9 a^ = — 20 

Adding (|)S ar* — 9 ar^ + V = i 

Extracting square root, x^ — J = ± ^ 

Whence, ar» = f ± ^ = 6, or4 

Extracting square root, a: = ± ^/b, or ± 2 

4. Given «« — • 35 a:' + 216 = 

Transposing, x^ — 35 a:^ = — 216 

Adding (^)2, a:«— 35 a:« + ^^^ = ^^ 

Extracting square root, a? — ^iS^ = ± -^ 

Whence, a:* = ^ ± -^ = 2T, or 8 

Extracting cube root, a; = 3, or 2 

6. Given 5 a:« — 90 a:^ — 270 = 945 

Transp.. and unit., 5 a:®— 90 a:» = 1215 
Dividing by 5, a:^ — 18 a:* = 243 

Adding (■J^)^ a:«— 18 a^ + 81 = 324 
Extracting square root, ar' — 9 = ± 18 
Whence, ar» = 9 ± 18 = 2T, or — 9 

Extracting cube root, a? = 3, or f^ — 9 

NoTB. As 3 is an odd number, / — 9 = — ^9 

6. Given a^io^- 31aJ» = 32 

Multiplying by 4, 4 a:i<> + 124 aH^ = 128 

Adding (31)^ 4 a^^^ + 124 a:* + 961 = 1089 

Extracting square root, 2 a:® + ^^ = ± ^^ 

Whence, 2a:* = —31 ± 33 = 2, or — 64 
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Dividing by 2, «» = 1, or — 32 

Extracting fifth root, a? = 1, or — 2 

T. Given a:*» — 4 a:* = 10 

Adding (J)», a:«* — 4ar« + 4 = 14 

Extracting square root, x* — 2 = ± ^/i4 

Transposing, a:* = 2 ± V'li 

1. 

Extracting nth root, a: = (2 ± \/l4)* 

8. Given t? + 1225 ar« = 74 

First Solutign. 
Multiplying by a:«, a?* + 1225 = U3i^ 

Transposing, a?* — 74 ar* = — 1225 

Adding (V^)^ a;* — T4 a:* + 1369 = 144 

Extracting square root, o^ — 3T = ± 12 

Whence, a:^ = 3T ± 12 = 49, or 25 

Extracting square root, a; = ± T, or ± 5 

Second Solution. 

Adding 2 (a:^)^ (1225 ar^)* a:2^Y0+1225ar2= 144 

Extracting square root, a -j- 35 ar^ = ± 12 

Multiplying by a;, a:^^ 35 _ ^ j^2a? 

Transposing, ar^qp 12x = — 35 

Addmg (-^)^ a:^ q= 12 a: 4- 36 = 1 

Extracting square root, a: qp 6 = ± 1 

Transposing, ar = db 6 ± 1 

Uniting, a? = ± T, or ± 5 

(Art. 277, pp. 254-25T.) 
3. Given a: + 4 \/5 = 21 

Adding (1)2, a: + 4\/i + 4 = 25 

Extracting square root, ^x + 2 = ± 5 

Whence, ^x = — -2±5 = 3, or — T 

Squaring, a: = 9, or 49 
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4. Given a:-^ + a?"^ = 6 

Adding Q)2, &-! + a:~^ + i = 6i = ^-i^ 

Extracting square root, x"^ -j- J = ± f 

Whence, x"^ — — ^ ± f = 2, or — 3 

Squaring, x"^ = 4, or 9 

Hence, a? = J, or ^ 

6. Given a:*+10x*=in 

Adding (V-)^ ^^ + 10 a:* + 25 = 196 

Extracting square root, a:^ + ^ = i 1'^ 

Whence, x^ = —'5 ± 14 = 9, or — 19 

By Note, a: = 9^^, or (— 19)^ 

Or, a: = 2Y, or (— 19)^ 

Note. It will be observed that the second value of a; is imaginary, 
(Art 250.) 

6. Given 6 y^ + y^ = 22 

Multiplying by 20, 100 y^ + 20 y^ — 440 

Adding 1, 100^^^ + 205^* + 1 =441 

Extracting square root, 10 y* + 1 = ± 21 

Whence, 10 y^ = — 1 ± 21 = 20, or 7- 22 

Dividing by 10, y* = 2, or — ^ 

Eaising to fourth powei*, y = 16, or ( — ^y 



Given -^+^^5^=6 




Or, ar^ + ar* = 6 




Adding Q)«, a:^ + 0?* + J = 6i = ^ 
Extract, square root, x^ -[- ^ == ± J 
Whence, x^ — —i ± f = 2, or - 
Eaising to fifth power, x = 32, or — 243 

16* 


-3 
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8. Given 


1 2 




Or, 
Adding (J)^ 


» S 1 

. X" — aj» = 2 
a^_a,» + i = 2i = f 

1 




Extracting square root, a;* — J = ± J 

1 




Whence, 
Eaising to nth 


a« = i±f=2,or- 
i power, X = 2», or ( — 1)" 


-1 



9. Given x"* -^pa^ = q 

Adding (ly, a:» +;?x5 + ijp'= S' + iF 



10. 



2^ 

Extract, sq. root, x^^ + iP = iV'^' + ip^ 
Transposing, x^" = — ^p ± ^/q -|- \p^ 

By Note, a: = (— ^jp ± -V^S^+iP) 



2 



Given Vx* — 3 a: = 40 x""* 

Multiplying by oh, 7? — 3 a?^ = 40 

Mult, by 4, 4 a:«* — 12 x^ = 160 

Adding 3S 4 a:* — 12 a:^ + 9 = 169 

Extract, sq. root, 2 a;^ — 3 = ± 13 

Whence, 2 a:* = 3 ± 13 = 16, or —10 

Dividing by 2, a:* = 8, or — 5 

By Note, a: = 8* or (— 6)* 

Or, ar = 4, or(— 5)* 

(Art. 278, pp. 26T~259.) 

Given ' {x — 1)^ -^ a; = — ^ 

Adding 1, {x—iy—{x—l) = | 

Adding {i)\ {x — iy— (a:— 1) +i= 1 
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Extr. Bq. root, (x — 1) — j- = ± 1 
Or, x — ^—±l 

Whence, a: = f ± 1 = 2J, or J 

Note. If the giyen eqaation be expanded, it redaces tox* — Zx =^ — -fi 
and this form, after completing the square and evolying, gives x — } = ±. 1, 
as above. 

4. Given (y«_4y)a_e (yj_4y) ^5 = 
Trans, and add. (f )2, {f—lyf _6(y8— 4y)+9=4 
Extract, square root, (^ — 4y) — 3=:± 2 
Whence, y* — 4y = 3±2 = 5, orl 
Adding (|)^ 3/« — 4y + 4 = 9,or6 

Extract, square root, y — 2 = ± 3, or ± A^5 
Transposing, y = 2 ± 3, or 2 ± \/6 

Or, y = 6, or — 1, or 2 ± \/6 

Note. If we substitute a;* for (y* — 4 y)*, and x for (y* — 4 y), the 
original equation becomes, x* — 6 a: = — 5, which gives the roots x = 5, 
or 1. Eeplacing the value of x, we liave y* — 4y = 5, or 1, as before. 

5. Given 7? — 2x + Q Vaj^ — 2 ar + 6 = 11 
Adding 5, (ar»— 2a: + 5) + 6(ar» — 2a: + 5)i = 16 

Let a:^ — 23:4-6=^^, and (x^ — 2a; + 5)^ =y 
Then, 3^ + 6y=16 

Adding (f)«, y2^6y+9 = 25 

Extracting square root, y -(- 3 = ± 5 

Whence, y = — 3 ± 5 = 2, or — 8 

Squaring, y^ = 4, or 64 

Replac. val. of y*, a:*— 2a: + 5 = 4, or 64 
Transp. and uniting, a^ — 2x=. — 1, or 59 
Adding (f )2, ar* — 2 a: + 1 = 0, or 60 
Extracting square root, x — 1 == 0, or ± v'eo^ 
Transposing, a: = 1, or 1 ± \/60 

Or, ar=l, or 1 ± 2 \/l6 

NoTB. The above equation can be readily solved without the use of 
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y. It 18, howeyer, more oonyenient to write a single letter in place of 
the three terms «* ^- 2 x + 5, and we can also thus ayoid the nse of 
radicals. 

6. Given Va: + 2 + 2'<^a:4-2 = 8 

Adding (|)^ \/iqpT+ 2 ^^r+2 -}- 1 = 9 
Extracting square root, ^x + 2 + 1 = ± 3 
Whence, ^x + 2 = — 1 ± 3 = 2, or— 4 

Raising to fourth power, a: -}- 2 = 16, or 256 

Transposing and uniting, x = 14, on 254 

T. Given (a:« + Y)* + 2(a:>+Y)* = 80 

Adding ay, (a:» + T)*4-2(x» + T)^ + l = 81 

Extracting square root, (a:*+ir)*+l=±9 

Whence, (a:« + T)* = — 1 ± 9 = 8, or —10 

Extracting third root, (af^ + T)* = 2, or (— 10)* 

Raising to fifth power, a:« + T = 32, or (— 10)* 

Transposing and uniting, a:* = 25, or — 1 — 10* 
Extracting square root, a: = ± 5 

KoTE. The other yalaes of x will be imaginary, and as only the real 
roots are reqau«d, the imaginary ones are dropped. 

8. Given (x — 3)* + 4 (a:— 3)«= IIT 
Adding (|)^ (x — 3)* + 4 (a: — 3)2 + 4 = 121 
Extracting square root, (a? — 3)^ + 2 = ± 11 
Whence, (a: — 3)« = — 2 ± 11 = 9, or —13 
Extr. square root, x — 3 = ± 3, or ± s/ — 13 
Transposing, a: = 3 ± 3, or 3 ± \/ — 13 
Or, a: = 6, or 0, or 3 ± V— 13 

9. Given V« + 12 + -<^i? + 12 = 6 
Adding (i)S \/H-~i2 + <^^+T^+i = 6i = V 
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Extracting square root, ^2;+ 12 + i = ± J 
Whence, ^2; + 12 = — J±J = 2,or — 3 

Raising to fourth power, 2^+12 = 16, or 81 
Transposing and uniting, « = 4, or 69 

NoTB. Any of the equations in Art. 278 may be solved by snbstitat- 
ing a sifiglo letter for the polynomial expression which is the basis of the 
quadratic form. 

SIMULTANEOUS EQUATIONS INVOLVING QUAD- 
RATICS. 

(Art. 288, pp. 260-262.) 

( x + y=z1 (1) 

2- ^^^^^ , 1 3:^+23^^ = 34 (2) 

From(l), x = 1—y (3) 

Squaring (3), V = 49— 14y+y» (4) 

Subs. (4) in (2), 49 — 14y + 5^ + 2y» = 34 (5) 

Transposing and uniting, 3^ — 14 y = — 15 (6) 

Multiplying by 3, 9 y^ — 42 y = — 45 (T) 

Adding (A^)^ 9y2_42y + 49 = 4 (8) 

Evolving, 3 y — T = ± 2 (9) 

Whence, 3y = 9, or 5 

Dividing by 3, y = 3, or f 

Substituting in (3), * a? = T — 3, or T — J 

Uniting, a: = 4, or J^ 



3. Given 



f .-'-=-'=4 



(I) 

(2) 



Clearing (1) of fractions, 2x — a:-|-y = 8 (3) 

Clear. (2) of fract., ary + 2y — x — Bi/ = x + 2 (4) 

From (3), y = 8 — a; (5) 

From (4), xi/ — 2 a; — y = 2 (6) 

Subs. (5) in (6), a:(8— a:) — 2a:— (8— a;) = 2 (T) 
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Or, 8ar- 


.a:3_2a: — 8 + » = 2 


(8) 


Whence, 


a^—1xz= — lO 


(9) 


Adding ay, 


a^-1x + ^ = i 


(10) 


Evolving, 


x-i=±i 


(11) 


Whence, 


a; = 5, or 2 




Substituting in (5), 


y 3 8 — 5, or 


•8 — 2 


Uniting, 


y = 3, or 6 


• 


4. Given 


a: + 4y = 23 
a:»+3a:y=54= 


(1) 
(2) 


From (1), 


23 — a: 

MM — - 


(3) 


y— 4 


Subs. (3) in (2), 


x«+3.(=^«7-^) = 54 


(4) 


Exp. and mult, by 4, 


4a^ + 69a: — 3ar' = 216 


(5) 


Uniting terms, 


a" + 69 a: = 216 


• (6) 


Adding (A^-)S 


a:*. + 69 a: 4- a:^ — i^ 


a) 


Evolving, 


a. + iyL=± J^ 


(8) 


Whence, 


a: = 3, or — 72 


Subs, in (3), 
Whence, 


28 — 3 


23 + 72 


y 4 >*''^' 
y = 5, or ^ 


4 


r r- i 4.90^ = 36 f (I) 
5. ^iven|^(2^^j)^3^y_^(gy^5^^j28 = (2) 



Extracting square root of (1), T a: = 6 y (3) 

Expanding (2), 2 ar» + J a: + 3 a:y — 6y« — 5y = — 128 (4) 

From (3), y = l? (6) 

Subs.(5)in(4), 2a:2 + Jar + I^-l|?'_?|? = _128(6) 

Mult, by 6, 12a:3 + 3a: + 21a:« — 49a:2_35^__Ye8(T) 
Uniting terms, — 16 x* — 32 a? = — T68 (8) 

Dividing by— 16, a;2 + 2a: = 48 ' (9) 

Adding (1)^ aj8 4.2a: + l=49 (10) 

Evolving, « -f- 1 == ± 7 (11) 
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Whence, 
Substituting in 


a; = 6, or— 8 

/e\ 7 X 6 — 8 X 
(5), y= ^ ,or g^ 


• 7 


Whence, 


(Aet. 284, pp. 262, 263.) 




2. Given 


: /— 2a:y + 2a:« = 2 


(1) 
(2) 


Let 
Subs, in (1), 
Subs, in (2), 

From (4), 


y==vx 
r'ar' — 2«ar'-}-2x'' = 2 


(3) 

(5) 
(6) 


'^ ««-l 


From (5), 




a) 


Hence, 

Clear, of fracti 
Transposing a] 
Adding (f)^ 
Evolving, 
Whence, 


8 2 


(8) 

(9) 
(10) 

(11) 
(12) 


»• — 1 7" 0* — 2 + 2 
ons, 3»« — 6» + 6 = 2»« — 2 
ad uniting, »* — 6 p = — 8 
v!'_6» + 9 = l 

» — 3=±1 
» = 4, or 2 


3 

Substitating in (6), ar" = ^g_ , or ; 


8 
t — 1 


Reducing, a:* = |, or 1 
Evolving, x= ± Vl, or ± 1 
Or, .«= ± iVS, or ±1 
Substituting in (3), y = ± i V5 X 4, or ± 1 X 2 
Reducing, ■ y = ± tVE, or ± 2 


3. Given 


1 a^ + 3a;r— y* = 2r 


(1) 
(2) 


Let 
Subs, in (1), 
Subs, in (2), 


yz=vx 

aJ'-j-8»a:« — »»a!« = 2T 

3a:» + 2t;«« = 63 


(3) 
(*) 
(5) 
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From (4), «^ = r+S^ («) 

TT 27 63 ' -, 

Hence, • ____ = __ (g) 

Dividing by 9, , + ,'„_^ = r^„ (9) 

Clearing effractions, d + 6v z=1-\-2lv—1v^(10) 

Tr. and uniting, 1v^—ldv = —2 (11) 

Mult, by 28, 196 1;^ — 420 1; = —66 (12) 

Adding <16)S 196 1;«^-420 1; + 226 = 169 (13) 

Evolving, 14 1? — 16 = ± 13 (14) 

Whence, 14 v = 28, or 2 (16) 
Dividing by 14, t? = 2, or ^ 

Substituting in (?), a^ = j-j^ , or ^-^ 

Reducing, a:^ = 9, or ^^ 

21 
Evolving, a: = ± 3, or ± -7= 

V2S 

Or, " « = ± 3, or ± f i ^23 

Substituting in (3), y = ± 3 X 2, or ± f J V'lS X ^ 

Reducing, y = ± 6, or ± ^ V23 

The last two examples may be solved in accordance 
with the principles contained in the note (Art. 284, 
Alg.), as follows : 

2. Given \ ^ ^—^=3 (1) 

\f — 2xy{-2a^ = 2 (2) 

From(l), y2^3 + a:« (3) 

Evolving, y = ± VT+x^ (4) 

Subst. in (2), 3 + ar^ T 2 ar>\/3+^+ 2 ar» = 2 (5) 

Transp. and uniting, 3 a:^ + 1 = ± 2x\^S-]-s(^ (6) 

Squaring, 9 a;* + 6 a:^ + 1 = 12 a:" + 4:a?* (T) 

Transp. and uniting, 6a?* — 6a5* = — 1 (8) 
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Multiplying by 6, 25 a:* — 30 ar^ = — 5 (9) 
Adding ($)^ 25 a^ — 30 a:^ + 9 = 4 

Evolving, 6 as" — 3 = ± 2 

Whence, 5 a:' = 6, or 1 

Dividing by 6, a:* = 1, or -J 

Evolving, a: = ± 1, or ± i\^ 

Substituting in (4), ' ^ = ± V3 + 1, or ± VS+i 

Reducing, ' y = ± 2, or ± f ^/5 

Note. Eqaation (8) is alto readily obtained as follows : Subtract (2) 

3x^+1 
from (1), and the result gives y = — - , which, after sq[naiing, may 

be substituted directly in (1). 



3. Given 



a:3 + 3a?y — 5^ = 27 (1) 

3ar» + 2a:5^=63 (2) 



From (2), ^ = ^4t^ (^) 

C3 ' o 3969 — 878a;* + 9a?* ... 
Squanng, y» = ^^ ^ (4) 

a v • /IN a I 189 — 9a;* 3969 — 878 a;* -f 9 a^ ^^ ,^. 
Subs.in(l), ar^H ^ I^T^ = ^' (^) 

Clearing of fractions, 

4 a:* + 378a;^ _ 18 ar* — 3969 + 3Y8 ar» — 9a:* = 108 a^ (6) 

Whence, 23 a:* — 648 ar» = — 3969 (7) 

Multiplying by 23, 629 a:* — 14904 a:^ = — 91287 (8) 

Adding (^JA)^ 529 a^— 14904 ar»+ (324)^ = 18689 

Evolving, 23 a:" — 324 = ± 117 

Whence, 23 ar^ = 441, or 207 

Dividing by 23, a^ = W» or ^ 

21 

Evolving, ^ x= ± -^, or ± 8 

^ 23 63 27 

Substituting in (3), y = 42 — # or — . ^ 

Reducing, y = ± -7=» or ± 6 



VW 



17 
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Note. When both equations contain both powers of each letter, this 
method of elimination becomes rather tedious. In such a case we should 
first eliminate the square of one of the letters, and proceed as in the pre- 
ceding note. It will be seen that y has but one power in one equation 
of each of the examples giyen. 



(Abt. J85, 


pp. 264-267.) 




4. Given 




1 x+y=4 


(1) 
(2) 


Multiplying (2) by xy, 




y + x — xy 


(3) 


From (1) and (3), 




a;y = 4 


(*) 


Squaring (1), 


x"- 


f 2a;y+y»=16 


(5) 


Multiplying (4) by 4, 




4a;y .= 16 


(6) 


Subtracting (6) from (5), 


x"- 


-2a:y+y» = 


a) 


Evolving, 




x — y^—O 


(8) 


Equation (1), 




a: + y = 4 




Adding (8) and (1), 




2a; = 4 




Whence, 




x = 2 




Subtracting (8) from (1), 




2y = 4 




Whence, 




y=2 




5. Given 




\x+y =5 


(1) 
(2) 


Dividing (1) by (2), 


ar». 


-xy-\-f=U 


(3) 


Squaring (2), 


^ + 


.2a;y + y« = 25 


(4=) 


Subtracting (3) from (4), 




3a:y=12 


(5) 


Dividing (5) by 3, 




a:y = 4 


(6) 


Subtracting (6) from (3), 


ar»-- 


.2a:y+y» = 9 


(T) 


Evolving, 


^ 


x — y— ± 3 


(8) 


Equation (2), 




x-{-y = b 




Adding (8) and (2), 




2 a: = 8, or S 


i 


Whence, 




a; = 4, or ] 




Subtracting (8) from (2), 




2 y = 2, or S 


\ 


Whence, 




y = 1, or 4 


t 
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6. Given 


--l-?^ = 9 (1) 
[ x^y = 6 (2) 


Clearing (1) effractions, 
Dividing (3) by (2), 
Transposing and uniting. 
Squaring (2), 


a^^i/^z=9xff (3) 

x^ — xi/ + y^ = ^xy (4) 

'^-ixy + y' = (5) 

a^ + 2xy + f = B6 (6) 


Subtracting (5) from (6), 

Whence, 

Multiplying by 4, 

Subtracting (9) from (6), 

Evolving, 

Equation (2), 


xy = S (8) 

4x^=32 (9) 

a^ — 2xi/-\-y^=z4. (10) 

x — i/=±2 (11) 

x + y=i6 


Adding (11) and (2), 

Whence, 

Subtracting (11) frt)m (2) 

Whence, 


2 ar = 8, or 4 
a: = 4, or 2 

2y = 4, or8 
y = 2, or 4 


1 
*l. Given 


x'-\-a^f + f/' = 9Sl (1) 
x^ + xy + f = 4:9 (2) 


Dividing (1) by (2), 
Subtracting (3) from (2), 
Dividing by 2, 
Adding (5) to (2), 
Subtracting (5) from (3), 
Extracting square root of 
Extracting square root of 


a^ — xy-\-fz=l9 (3) 
2a:y = 30 (4) 
xy=15 (5) 
x^ + 2xy + f = 64. (6) 
x^-2xy + f = 4. 0) 
(6), x+y=±S (8) 
(T), x-y=±2 (9) 


Adding (9) an(f (8), 

Whence, 

Sujirtracting (9) from (8), 

Whence, 


2a: = ± 10, or ± 6 
a: = ± 5, or ± 3 

2y= ± 6, or ± 10 
y = ± 3, or ± 5 



NoTB. It wUl be seen that the original equations, after dividing one 
by the other, are homogeneous, and of the second degree ; hence the ex- 



196 KEY TO ELEMENTARY AL6EBBA. 

ample might be classed nnder Case 11. The doable signs of the roots 
also indicate the natoie of their equations. (Alg., Art. 284, Note.) 



8. Given 


X +y =61 (1) 
Ui+yi = ll (2) 


PiBST Solution. 
Substituting v for x^ and « for y', ^ i^ n (4\ 


Squaring (4), 
Subtracting (3) from (5), 
Subtracting (6) from (3), 
Evolving, 
Equation (4), 


t;3 + 2t;2 + ^=121 (5) 

2vz = 60 (6) 

v' — 2vz + 2^=l (T) 

V — Zz=:±l (8) 

v-\-z=ll 


Adding (8) and (4), 

Whence, 

Subtracting (8) from (4), 

Whence, 


2v=12, orlO 
V = 6, or 6 

22; = 10, or 12 
« = 5, or 6 


Eeplacing a:* and y*, a:* = 6, or 5, and y* = 5, or 6 
Squaring, a: = 36, or 25, and y = 25, or 36 
Second Solution. 


Squaring (2), 
Equation (1), 


a: + 2a:^y*4.y=121 (3) 

x + f/= 61 


Subtracting (1) from (3), 
Squaring (4), 
Squaring (1), 


2 a;* 3^*= 60 (4) 

4a:y = 3600 (5) 

7^ + 2xy + f = S12l (6) 


Subtracting (6) from (6), 

Evolving, 

Equation (1), * 


^ — 2xy-\-f=l2l (T) 
a:-J>=±ll (8) 

x + y = 61 


Adding (8) and (1), 

Whence, 

Subtracting (8) from (1), 

Whence, 


2x=12, or 50 
X = 36, or 25 

2y = 50, or 12 
y = 25, or 36 
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(Art. 286, pp. 26T, 268.) 

1. Given j»^+^'+-y-2«-2y = 9 (1) 

( xy = 6 (2) 



Adding(l)and(2), («+y)'■ 
Addmg(f)^ (x+i,y—2 
Evolving, 
Whence, 

Squaring (6), a? 
Multiplying (2) by 4, 


-2(x + y) = 15 
(« + y) + l = 16 

a; + y — 1 = ± 4 
a; + y = 5, or — 
+ 2a:y + y» = 26 

4a;y =24 


(3) 

(*) 

(6) 

3(6) 

0) 
(8) 


Subtracting (8) from (1), 

Evolving, 

Equation (6), 


«» 


-2a;y + y«=l 

« — y=± 1 

a; + y=5 


(9) 
(10) 


Adding (10) and (6), 

Whence, 

Subtracting (10) from (6), 

Whence, 




2 a: = 6, or 4 
a; = 3, or 2 

2y = 4, ore 
y = 2, or 3 




2. Given 




4a!y = 96— a*y^ 


(1) 
(2) 



From (1), a^y''\'4.xy-\-4t = lOO (3) 

Evolving, a:y-|-2=±10 . (4) 

Whence, a: y = 8, or — 12 (5) 

Squaring (2), a? + 2xy + f = S6 (6) 

Multiplying (5) by 4, 4 a:y = 32, or — 48 (1) 

Subtracting (T) from (6), ar» — 2 a: y + ^r* = 4, or 84 (8) 

Evolving, x — t/=±2,0T± 2\/21 (9) 

Equation (2), a: + y = 6 

Adding (9) and (2), 2 a: = 8, or 4, or 6 ± 2 \/2l 

Whence, - a: = 4, or 2, or 3 ± \/21 

Subtracting (9) from (2), 2 5^ = 4, or 8, or 6 :f 2 \/2i 

Whence, y = 2, or 4, or 3 =F ^21 
17* 
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3. Given 


( z* , 4 1 85 


(1) 




( x-y=2 


(2) 


Adding (^y to (1), J 


:+V^+^=T 


(3) 


EvolviDg, 


^^=^¥ 


(*) 


Transposing, 


|=-^^¥ 


(5) 


Uniting, 


X b 17 


(6) 


Whence, 


x=^¥'— ^^ 


0) 


Substituting in (2), 


'i-y=^,or-'^-y=2 




Whence, 


2y = 6, or — 20y = 6 




Therefore, 


y = 3, or — -ijs 




Substituting in (t), 


-^.«'(-7>{- 


■S} 


Reducing, 


iF = 6, or ^ 




(Am 

• 


'. 287, pp. 268, 269.) 




1. Given 


a^-f a:y = 60 
y + a:y = 84 


(1) 

(2) 


Adding (1) and (2), 


«» + 2a!y+3^ = 144 


(3) 


Evolving, 


a;-fy=±12 


(4) 


Dividing (1) by (4), 


x= ± 5 




Dividing (2) by (4), 


y=± 1 




2. Given 


«» + 9y» = 52 
: a; + 3y=10 


(1) 

(2; 


Squaring (2), 


x»4-6a:y + 9y' = 100 


(3) 


Subtracting (1) from 


(3), 6ary = 48 


W 


Subtracting (4) from 


(1), «:»— 6xy+9y = 4 


(5) 


Evolving, 


a; — 3y= ± 2 


(6) 



Equation (2), a? + 3y = 10 
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Adding (6) and (2), 2 ar = 12, or 8 
Whence, a: = 6, or 4 ^ 

Subtracting (6) from (2), 6y = 8, or 12 
Whence, y = f , or 2 

NoTB. We take precisely the same steps that we should take if the 
equations were ar' + a* = 52 and a? + « = 10. 



3. Given 


( a:*y = 144 


(1) 
(2) 


Substituting v for a:* 
and z for y% 


( v+z=1 


(3) 


Extracting square root of 


(4). vz=±12 


(5) 



Squaring (3), v^ + 2vz + s^==4:9 (6) 

Multiplying (5) by 4, 4 v « = ± 48 (?) 

Subtract. (T) from (6), f^—2vz -{• s^ = l, or 91 (8) 

Evolving, r — a; = ± 1, or ± \/97 (9) 

Equation (3), v -{• zz=*l 

Adding (9) and (3), 2 1; = 8, or 6, or T ± \/97 

2 7 4- i/97 

Whence, x^ = v=: 4, or 3, or -^ — 

Transposing exponent (Art. 2*1*1, Note), 

X = 4^ or 3^, or ^ — ^ — ) 

Or, aj = ± 8, or ± 3 \/3, or H^^^Y 

Subt. (9) from (3), 2 « = 6, or 8, or T :f V97 

4 7 X V07 

Whence, y^ z=z=:3, or 4, or —^ — 

Squaring, y = 9, or 16, or (—^ — ) 

The solution given above, expressed without the use 
of V and z, would be 
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Extracting square root of (2), a:*y* = ± 12 (3) 

SquariDg (1), a;* + 2 a;* y* + y = 49 (4) 

Multiplying (3) by 4, 4cX^y^ = ± 48 (5) 

Subt. (5) from (4), »*— 2 x^y^+y = 1, or 9T (6) 
Evolving, a* — y* = ± 1, or ± VoY (Y) 
Equation (1), a?^ + y^ = T 



Adding (T) and (1), 




2a;*=8, 


or 6, or 


7 ± V97 


Subtracting (7) from 


(1). 


2^ = 6, 


or 8, or 


1 T V97 


4. Given 






54 
115 


(1) 
(2) 


Adding (1) and (2), 


^+ 


4a;y + 4y* = 


169 


(3) 


Extracting square root of (3), a; + 2y = 


±13 


(4) 


From (4), 




x = 


±13- 


-2y (5) 


Subs. (6) in (2), ± 13y. 


-2^ + 4y» = 


.115 


(6) 


Uniting terms, 




23^ ± 13y = 


115 


(7) 


Dividing by 2, 




l/'±^}f = 


■.^^ 


(8) 


Adding {^)\ 


y»±¥y + W = 


:-4F 


(9) 


Evolving, 




y±¥ = 


±¥ 


(10) 


Transposing, 




y = 


: T -<tf^ ± ¥- (11) 


Uniting, 




y = 


:±5,01 


•T¥(12) 


Substituting in (5), 


x = 


= ± 13 T le, or ± 13 ± 23 (13) 


Uniting, 


x = 


= ± 3, or ± 36 




(14) 



Note. In equation (II), the signs if and ± are entirely independent 
of each other, aa they originate in different evolntions ; hence they pro- 
duce four distinct values of y, thus : y — — ^ + ^, or-^- — ^, or 
— ^ — V» or-y^ + y. But the double signs of equation (13) are not 
all independent in their origin, as the sign of 2 y is dependent upon that 
of 13 ; hence we do not here obtain four values from two double signs. 

It is evident, from the form of the equations, and also of their roots, 
that the above example might be classed under Case IL 
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1. Given | 



(Art. 288, pp. 269 -2n.) 

a:2_yj=::24 (1) 

^+y ==6 (2) 

Dividing (1) by (2), a: — y = 4 (3) 

Adding (2) and (3), 2 a; = 10 (4) 

Whence, « = 5 (5) 

Subtracting (3) from (2), 2 y = 2 (6) 

Whence, y = 1 (T) 



2. Given 



(1) 
(2) 

Squaring (1) , ay^ + 2xy + y^ = a^ (3) 

Mult. (2) by 4, 4:xy = 4 & (4) 

Subt. (4) from (3), a^ — 2xy -\-y^ = a' — 4:b (6) 

Evolving, x — y=z± Vo^ — 4ft (6) 

Equation (1), 

Adding (6) and (1), 

Whence, 

Subtracting (6) from (1), 

Whence, 





x+y = a 
xy=zb 


0^ + 2 
4 


xy =4 & 


si^ — 2 


xy-\-y^ = a^ — 4:b 




x — y=z± Vc^ — 4 ft 




2x=za ± Va' — 4ft 

a±Va^'-4:b 




^ 2 


(1), 


2y=za^: s/a^ — ^b 




a niV^a* — 46 
y= 2 



3. Given 



a: + y = a (1) 

a:^ + 2^^ = c (2) 



Squaring (1), a:« + 2ary +y2 = a^ (3) 

Subt. (2) from (3), 2xy = c? — c (4) 

Subt.(4)from(2), x'—2xy+f=z2c — d!' (5) 

Evolving, a? — 3^ == ± sf2c — c? (6) 

Equation (1), a: + y= a 

Adding (6) and (1), 2x = a± V 2 c — a^ 

Whence, a? = — ■■ — 
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Subtracting (6) from (1), 2 y = a qp V2c — a* 

Whence, y = ^-^ — ^^^ — 

Note. Eqaation (5) may also be obtained by subtracting (3) fix>m (2) 
maltiplied by 2. 



4. Given 


( x+y=2 




(1) 
(2) 


Multiplying (2) hjxy, 
From (1) and (3), 
Squaring (1), • s^ 
Multiplying (4) by 2, 


2a;y=2 
4a:y =4 




(3) 
(4) 
(5) 
(6) 


Subtracting (6) from (5), as" 

Evolving, 

Equation (1), 


a: — y = 

« + y = 2 


0) 
(8) 


Adding (8) and (1), 
Whence, 


2x = 2 

x=l 






Subtracting (8) from (1), 
Whence, 


2y = 2 






6. Given 




= 1 
:1 


(1) 
(2) 


Squaring (2), x"^ 
Subtracting (1) from (3), 
Subtracting (4) from (1), x' 
Evolving, 
Equation (2), 


x-'+r' = 


:1 

= * 

= ±4 

:1 


(3) 

(5) 
(6) 


Adding (6) and (2), 
Dividing by 2, 
Whence, 


2ari = 
ari = 

x = 


■h or 
:§, or 
:§, or 


S 


Subtracting (6) from (2), 
Dividing by 2, 
Whence, 


2r* = 
y = 


:§, or 

■h or 
:3, or 




NoTB. If it is preferred to do 


80, the negative exponents may 


be nv 
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^ored at once, transforming (1) and (2) to a:* + ^ = — ~- and x + y 
«= a? y, from which ar + y = f and iy = f are easily obtained. 

6. Given i^-^=', S 

U-y =2 (2) 

Dividing (I) by (2), a^ + xy + f = 4. (3) 

Squaring (2), ar» — 2 a: y + ^T* = 4 (4) 

Subtracting (4) from (3), 3 ary = (5) 

Whence, xy=:0 (6) 

Adding (6) to (3), x^ + 2 a: 5^ + y^ _ 4 ^y) 

Evolving, a; + y = ± 2 (8) 

Equationk(2), a: — - y = 2 

Adding (8) and (2), 2 a: = 4, or 

Whence, a; = 2, or 

Subtracting (2) from (8), 2y = 0, or —4 

Whence, y = 0, or — 2 



T. Given 



a:*-l-5^=82 (1) 

a:y=3 (2) 



Squaring (2), a^f = d (3) 

Multiplying (3) by (2), 2 a:^^/^ ^ 18 {4.) 

Adding (4) to (1), ai" -\- 2 a? f -]- y^ = 100 (5) 

Subtracting (4) from (1), ar* — 2 a:V + y* = 64 (6) 

Extracting square root of (5), a^ -[- y^ z=z ± 10 (1) 

Extracting square root of (6), a? — f z= ±S (8) 

Adding (T) and (8), 2 ar^ = ± 18, or ± 2 

Dividing by 2, a:^ _ _j. 9^ or ± 1 

Evolving, a: = ± 3, or ± 1, or ± 3\/^^, or ± \/=^ 

Subtracting (8) from (Y), 2^^ = ± 2, or ± 18 

Dividing by 2, y^ = ± 1, or ± 9 

Evolving, y = ± 1, or ± 3, or ± \/=^, or ±3\/==l 

Note. The same results may be obtained from (2) and (7), as in 
Ex. 2, Art. 285, without the use of (6) and (8). 
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(ar — 5^ = 8(\/S — Vy) (1) 



8. Given i , — ,^ ,.. 

Wxy = 16 (2) 

Dividing (l)^y\/i—\/y, Vi+Vy = 8 (3) 

Squaring (3), a; -|- 2 \/«y + y = 64 (4) 

Substituting (2) in (4), a: + y == 34 (5) 

Squaring (2), a; y = 225 (6) 

Squaring (5), a:« + 2a:y + ^ = 1156 (Y) 

Multiplying (6) by 4, 4a;y =900 (8) 

Subt. (8) from (Y), ^—^xy^-f— 256 (9) 

Evolving, ar — y = ± 16 (10) 

Equation (5), ar + y = 34 

Adding (10) and (5), 2 a: = 50, or 18 
Whence, x = 25, or 9 

Subtracting (10) from (5), 2y = 18, or 50 
Whence, y = 9, or 26 

NoTB. After obtaining eqaation (4), we might sabtract from it four 
times eqaation (2), and the square root of the result woold be yjx — yly 
= ± 2. This, combined with (3), gives >lx = 5, or 3, and ^y = 3, or 
5, whence x = 25, or 9, and y = 9, or 25, as above. 

Since we divide (1) by yjx — V^y, it is evident that >lx — /y = 0, or 
a: = y, will satisfy that eqnatiOn. This, combined with (2), gives the ad- 
ditional roots of the equations, :r = 15, y = 15. The same results may 
be obtained by eliminating one of the unknown quantities from (I) and 
(2) by substitution, without dividing by >! x — ^y. The resulting equa* 
tion may be put in the form 

V — 8ar'+ 16ar= 16ar — 120a:^+ (15)« 

which gives x — 4 ar* = ± (4 a:^ — 15) 

whence x = 25, or 9, or 15 

Also y = 9, or 25, or 15 

The forms of the roots show that equation (1) is gymmdrkal in signs, 
as well as in other respects. (Art. 285, Ex. 1.) This may also be in- 
ferred from the fact that if all its signs be changed, the signs of x and y 
will be reversed. Equation (1) is also changed to the symmetrical form 
X — 8 V^i =« y — 8 V'y by simply transposing. 



9. Given 



Substituting r for a;' and z for y 
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ix +y =T2 (1) 

\ a;^ + y^ = 6 (2) 

J A f 4 (,^+^=f2 (3) 



Dividing (3) by (4), r^ _ ^ ^ ^ ^ _ 12 (5) 

Squaring (4), t;^ _|. 2 v z + ^^ = 36 (6) 



,h 




= f2 


r. 


= 6 


»»- 


— vz -\- s? 


= 12 


«^ + 


2vz + ^ 


= 36 




Zvz 


= 24 




vz 


= 8 


*» — 


.2»a + a* 


= 4 


• 


V — e 


= ±2 ( 




V -{-z 


= 6 



(^) 



Subtracting (5) from (6), 3 1; 2? = 24 (T) 

Whence, t;2f = 8 (8) 

Subtracting (8) from (5), tr* — 2 v « + a^ = 4 (9) 

Evolving, . • V — 2=±2 (10) 
Equation (4), 

Adding (10) and (4), 2v = 8, or 4 

Dividing by 2, r = 4, or 2 

Whence, a: = v" = 64, or 8 
Subtracting (10) from (4), 2 2? = 4, or 8 

Dividing by 2, 2 = 2, or 4 

Whence, y = a^ =: 8, or 64 

Note. The value of or* y* may be found, just as equation (8) is ob- 
tained, without the use of v and 2. The remaining portion of the solu- 
tion may be made to correspond exactly with the above, x and y with 
fractional exponents being used in place of v and z ; but, if it is preferred, 

X* y* —% may be cubed, and we then have a: + y = 72 and xy = 612, 
from which x and y can be obtained without any further use of fractional 
exponents. In the latter case we must work with larger numbers, but we 
avoid fractional exponents ; in the former we have the advantage of smaller 
numbers, but we must work with fractional exponents. 

One of the unknown quantities may be eliminated by substitution in 
either of the preceding examples, and the resulting equation will be a 
quadratic, or in the quadratic form, ei^cept in the first example. 



10. Given 



U + y:a:— y: :^13 :6 (1) 

1 3^ + ^ = 25 (2) 

From(l), bx + by—Ux—Uy (3) 

Or, • 18y=8ar (4) 

18 



206 KEY TO ELEMENTABY ALGEBRA. 

9 V 

Whence, ^ ^^ 4 (^^ 

Substituting in (2), 3^ + ?i! == 25 (6) 

Complet. the square, y* + x "t" 64 ^^ "64" ^^ 

Evolving, y _|- I = ± 4^ 

Whence, y = 4, or — 6 J 

Substituting in (5), x = — —, or — "4" ^ 4 

Reducing, a: = 9, or — 14^^ 

NoTB. As these equations are not symmetrical, the only proper course 
is to eliminate one of the unknown quantities at once, and solve the 
quadratic equation thus produced according to the principles of Case I. 

11 ru \ x + 4y=14 (1) 

11. Given |4a;-2y + j^=n (2) 



From (1), a; = 14 — 4y 


(3) 


Subst. in (2), 66 — lQy — 2y+f — 11 


W 


Or, y« — 18y = — 45 


(5) 


Completing square, y* — 18^4-81 = 36 


(6) 


Evolving, y _ 9 = ± 6 




Whence, y = 15, or 3 




Substituting in (3), a: = 14 — 60, «rr 14 - 


-12 


Uniting, a; = — 46, or 2 




12. Given j^_3xy + 3; = 7 


(1) 
(2) 



From(l), a:=T — 3y (3) 

Subs, in (2), 49 — 42y+9y^— 21^ + 9^^ + 3^ = 1 (4) 

Whence, 21 y» — 63 y = — 42 (5) 

Dividing by 21, ^a _ 3 y = _ 2 (6) 

Completing the square, ^ — 3 y + f = ^ (7) 

Evolving, y — f = ± 1 ' 

Whence, y == 2, or I 

Substituting in (3), a; = 7 — 6, or 1 — 3 

Uniting, a: = 1, or 4 
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13. Given 


: 

4^ 
«» + 4 


a^ — 4y»=9 
a:y + 2y=18 ' 


(1) 
(2) 


Multiplying (2) by 4, 
Adding (1) and (3), 
Evolving, 
Dividing (1) by (6), 

Adding (5) and (6), 

Whence, 

Subtracting (6) from (5), 

Whence, 


a:y+8y» = t2 
ry + 4y«=i=81 
a; + 2y=± 9 
a:_2y=± 1 

2a:=± 10 

«= ± 5 

4y=±8 

y=±2 


(3) 

(5) 
(6) 



Note. As both of the above equations are homogeneous and of the 
second degree, the example comes under Case 11. The roots show, how- 
erer, that the two equations must produce a pure quadratic by elimina- 
tion. If the value of x in (2) be substituted in (1), we obtain 
(18)«-72y« + 4y4 _ ,^; 

which reduces to 81 y» = (18)» 

The peculiarity of this example is that the factor x -}■ 2y ia common 
to both equations. If we divide one of these equations by the other, this 
&ctor may be canceled, and the resulting simple equation is reducible to 
2x = 5y. The example now becomes of the same nature as those of 
Art. 265. 



14. Given 


a:» + a;y + 2y«=T4 
2ar' + 2a;y + y'=t3 


(1) 
(2) 


Mult. (1) by 2, 


2ar' + 2a.y-f 4y'=148 


(3) 


Subtracting (2) from 


(3). 


3y» = t5 


(4) 


Dividing by 3, 




y=25 


(5) 


Evolving, 




y=± 5 


(6) 


Substituting in (1), 




«» ± 5a; + 50 = 14 


0) 


Whence, 




x'± 5a:=24 


(8) 


Completing square. 




Je* ± 5 a: + V- = -^F 


(9) 


Evolving, 




x±#=±4ji 




Transposing, 




«=±-y-Tf 




Uniting, 




a; = ± 3, or T 


8 



Note. The signs of the values of x are so placed that the upper ones 



208 KEY TO ELEMENTARY ALGEBRA. 

ipay correspond with the positive value of y, and the lower ones with its 
negative value ; for if ^ = + 5, a: = 3, or ^ 8, and if y = — 5, a: = 8, 
or — 3. 

It is evident that this example, as well as the one immediately preced- 
ing and the one immediatelj following it, comes under Case it If we 
assume x = vy, the value of v will be found to be -f, or — f. The so- 
lution given above is, however, greatly to be preferred. 



16. Given 




(1) 
(2) 


Let 


y = vx 


(3) 


Substituting in (1), 


a:« + 2e»ar' = 9 


W 


Substituting in (2), 


V3?+23? = 4= 


(5) 


From (4), 


2?- ^ 


(6) 


From (5), 


^=^^ 


0) 


Hence. 


4 9 


(8) 


iA-jk %^ AA xy ^^ A 


v + 2 1 + 2 t;« 


Clearing of fractions, 


4 + 8t;« = 9t; + 18 


(9) 


Transposing and uniting, 


8 »2 _ 9 ^ _ 14 


(10) 


Multiplying by 2, 


16t;2_i3^_28 


(11) 


""^^""^L'^Y^' '''' 


-1^*^ + 16-16 


(12) 


Evolving, 


4t;_|=±^^ 


(13) 


Whence, 


4 17 = 8, or— J 




Or, 


v = 2, or — J 




Substituting in (f), a:* = 


4 4 




■2 + 2'°"^ — 1 + 2 




Beduciog, x' = 


: 1, or ^ 




Evolving, X = 


: ± 1, or ± t ^2 




Substituting in (3), t/ = 


: ± 1 X 2, or ± J \/2 X ( 


:-« 


Reducing, y = 


: ± 2, or T J ^2 





Note. The above equations may also be solved by substituting in (1) 
the value of y found in (2). See Art. 284. 
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a^+y'+a^+y = i8 (1) 

'2xy=l2 (2) 



16. Given ' i 

Adding (2) to (1), (x+y)«+(x+y) = 30 (3) 

Compl. square, («+^)'+ (a?+y) +i = sH} = a|i (4) 

Evolving, « + 2^,+ i = ± V (5) 

Whence, a; + y = 6, or — 6 (6) 

Subtracting (6) from (1), . ar» + y^ _ 13^ or 24 (T) 

Subt. (2) from (T), x^— 2 a:y + y» = 1, or 12 (8) 

Evolving, a; — y = ± 1, or ± 2 VS (9) 
Equation (6), a; + y = ^* or — 6 

Adding (9) and (6), 2 a: = 6, or 4, or — 6 ± 2 Vs 

Whence, « = 3, or 2, or — 3 ± \/3 

Subtracting (9) from (6), 2 y = 4, or 6, or — 6 qp 2 \/3 
Whence, y = 2, or 3, or — 3 =F V3 

Note. Equation (8) maj also be obtained from (2) and (6) in the 
usual way 4 without the use of (1). 



THEORY OF QUADEATIO EQUATIONS. 

(Art. 290, p. 272.) 

1. Given a:» — 4x + 3 = 

Transp. and compl. square, 7? — 4a;4~^=l 
Evolving, X — 2 = ± 1 

Whence, a: = 3, or 1 

Hence, ar» — 4a: + 3 = (a? — 3) (a; — 1) = 



2. Given a:2_| — ^ = 

Transp. and compl. square, y? — - + xii = "APi 

Evolving, X — ^ = ± -fy 

Whence, a; = J, or — ^ 

Hence, a:»_| _ 1 = (a: — §) (x + i) = 

18* 
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3. Given a» — Ta: + 12 = 

Transp. and compl. square, t? — Tx + ^^=J 
Evolving, X — J = ± J 

Whence, * a: = 4, or 3 

Ans. (x — 4) (x — 3) = 

4. Given a»-|-6a; + 8 = 
Transp. and compl. square, a:*4'^^'+^ = ^ 
Evolving, a; +* 3 = ± 1 
Whence, x z= — 2, or — 4 

Ans. (x + 2) (a: + 4) = 

Note. The principles established in Art 289 will detennine whether 
the roots obtained for any quadratic equation are correct ; and in some 
cases they will enable ns to obtain those roots by inspection. Thus, in 
the third example, it is evident that 4 and 3 are the only nombers whose 
sum IB 7, and whose product is 12. 

(Art. 291, pp. 212, 273.) 

1. Assume a^ — 6 a: + 6 = 0* It is evident that 3 and 2 
are the only numbers whose sum is 6 and whose product 
is 6 ; hence they are the roots of the equation, and 
ar» _ 5a: + 6 = (x — 3) (a: — 2). 

2. 



Assume 


x" — 


u-^ 


= 




Completing square, 


^-u 


j + Tfr 


=m 




Evolving, 
Whence, 




X 


= 1, or— J 


Therefore, x^ — ^ 
12 


-f = («- 


-i)(* 


+ i) 




Assume, 

Completing square. 
Evolving, 
W hence, 

ar» + 3a: — 28 = 


ari + S 
x> + 

(a:-4)(a; 


X — 28 = 

a; = 4, or - 
+ 1), Ana. 


-1 
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4. Assume 2* + 18 a? + 80 = 0. It is evident that — 10 
and — 8 are the only numbers whose sum is — 18, and 
whose, product is 80 ; hence they are the roots of the equa- 
tion, and 

2^ + I82: + 80 = (^ + 10) (^ + 8), Ans. 

FORvMATION OF EQUATIONS. 
(Art. 292, pp. 213, 2U.) 

2. (x — 4) (a: — 5) = ar» — 9a: + 20 = 
Or, ix^ — 9x = — 20 

3. (a; — 6) (a: — T) = a:^ — 13a; -f 42 = 
Or, a? — 13 a: = — 42, Ans. 

4. (a: + 1) (a; + 2) = o^ + 3a: + 2 = 
Or, ar* + 3a:=: — 2 

6. (x — 20) (x + 30) = a? -f 10 a: — 600 = 
Or, ar» + 10 a: = 600 

6. (x — ^)(x + ^)=x^ + ax — ^ = 
Or, x^-\^i^x = ^ 

Mult, by 10, 10a:2^i3^_42 

T. (x — a) (x — b)==ia:^ — ax — hx -{- ab=zO 
Or, a:^ — (a-\'h)xz=z — ab 



8. (x — w» + w)(a: — m — w) = a:^ — 27wa:-|-m^ — 71^ = 
Or, a? — 2mx=:n^ — m^ 

Note. The principles of Art 289 will enable us to write out at once 
an equation having any given roots. Thus the coefficient of x in the last 
equation will be — 2 to because m ■■{• n -\- m — n = 2 to, and the second 
member is — (to* — n*) because (to + n) (to — n) = m* — n*. 
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PROBLEMS 
LEADING TO AFFECTED QUADRATIC EQUATIONS. 

(Art. 2M, pp. 2n-286.) 
2. Let X = the number. 

Then, a:— (|y=3 



Or, s^—16x: 

Completing sqnare, 2^ — 16 a; -f- 64= : 
Evolving, 
Whence, 



-48 



16 



Vebifigation. 



a: — 8 = ±4 
X — 12, or 4 
12 — 3' = 3 
4 — 1» = 3 



Let 
Then 

and 



a^ = the cost. 

X = the gain per cent., 

ifoX''=^ = ^^ whole gain. 
aj»-fl00a: = 5600 



Therefore, 

Or, 

Completing square, a:*+ 100 a; +2600 = 8100 

Evolving, 

Whence, 



6. 



Let 
Then 

and 



X + 50 = ± 90 

X = 40, or — 140 

X = the number of chickens. 

96 

— = cost of one chicken, 
— s- = am't rec'd for the chickens. 



Therefore, 

Clearing effractions. 

Dividing by 21, 



27 X 



96 = 



96 



2'raJ»— 192a:=192 
a^ — 3^x = s^ 
Completing square, x^ — -^^ ^ + {^Y = -"^Ix^ 
Evolving, X — ^ = ± V- 

Whence, a: = 8, or — f 
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v. Let X = the numb^ of pages. 

Then x — 5 = estimated no. pages, 

— — — = estimated cost per page, 

, 67.50 135 ,^ . , 

and = — = am't received per page. 

wu r ^0 135 7 ' 

Therefore, ____ = j 

Clearing of fractions, 160 a: — 135 a: + 6T5 = x^ — 6 x 
Whence, tx^— 30 a: = 6T6 

Completing square, «« — 30 x + 226 = 900 

Evolving, a: — 15 = ± 30 

Whence, a: = 45, or — 15 

If " 5 pages more '* be changed to " 5 pages less,^^ 
and " abatement " to " additional charge,^^ then 15 will 
be the trae number of pages. 

8. Let X = no. persons at first, 

and X — 2 = no. persons who paid. 

Then -^— = — = am't each should have paid, 
and — '—-^=z- ^ = am't each did pay. 



Therefore, ^L^_|i = ^ 

' 4a; — 8 4 a; ^ 

Clearing of fractions, 140 a: — 140 a: + 280 = 8 a:^ — 16 x 

Whence, 8 a:^ — 16 a: = 280 

Dividing by 8, x^ — 2x = ^b 

Completing square, a:^ — 2x4-1 = 36 ^ 

Evolving, X — 1 = ± 6 

Whence, x = T, or — 6 

The number 6 is the answer to a problem like the above, 

except that two additional persons came, and each of thr 

company had therefore 50 cts. less to pay. 

9. Let • X = original no. persons^ 

and X -|- 2 = whole no. persons. 
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Then == sum each expected origmally, 

- 1000 , .„ 

and ' — r-r = sum each will receive. 



Therefore, ____=25 

Clear, of fractions, 1000 x + 2000 — IQDO x = 25 a:* -j- 50 a: 
Or, 25a:» + 50a:=:2000 

Dividing by 25, a:» + 2 x = 80 

Completing square, x^ -]- 2 x -\- 1 =z SI 

Evolving, a; + 1 = ± 9 

Whence, a; = 8, or — 10 

The number 10 is the answer to a problem similar to the 
one given, except that two claimants disappear, and each 
receives $ 25 more than he expected. 

10. Let xz= width of frame. 

Then 18 -}- 2 a: = outside length of frame, 

and • 12 + 2 a: = outside width of frame. 

Also 18 X 12 = 216 = surface of glass, 
and (18 + 2a:) (12 + 2a:) = whole surface. 

Therefore, (18 + 2ar) (12 + 2a:) = 2 X 216 
Expanding, 216 + 60 a: + 4 a:^ = 432 

Or, 4a:2-f60a: = 216 

Dividing by 4, a^ -{- I5x=z 54: 

Completing square, a:^ + 15 a: -}- ^f ^ = ^i^ 
Evolving, a: + -V^ = ± V 

Whence, a: = 3, or — 18 

Note. The eqnation 4 2:* + 60x = 216 maj be obtained at once by 
estimating the surface of the frame. 4 a:' is the area of the four corners ; 
there are two sides each 18 hj x, and two ends each 12 hj x; hence the 
whole surface of the frame is 4 a:* + 60 ar, which, according to the condi- 
tions of the problem, is equal to the surface of the glass. 

12. First Solution. 

Let X = one part, • 

and y = the other part. 
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Then, 


a; + 3^ = 40 


(1) 


and 


^ + f = %U 


(2) 


Squaring (1), 7?-\-2xy-^f = 1600 


(3) 


Subtracting (2) from (3), 


2xy=zn2 


(4) 


Subtr. (4) from (2), x" - 


^2xy + f = ^% 


(5) 


Evolving, 


x — y=±Q 


(6) 


Equation (1), 


a: + y = 40 




Adding (6) and (1), 


2a: = 46, or 34 




Whence, 


a:=23,orl? 




Subtracting (6) from (1), 


2 3^.= 34, or 46 




Whence, 


^ = IT, or 23 




Note. Either letter may also be elimioated by substitution, or 


one unknown quantity may be used, if preferred. 




Second Solution. 




.Let 


X — y = one part. 




and 


a; + y = th^ other part. 


Their sum. 


2x = 40 


(1) 


The supoL of their squares. 


2ar» + 2^^=818 


(2) 


From (1), 


a: = 20 , 


(3) 


Squaring, 


a:2 = 400 


(4) 


From (2), 


x« + y» = 409 


(5) 


Subtracting (4) from (5), 


- ^ = 9 


(6) 


Evolving, 


y=±^ 


0) 


From (3) and (T), 


x—y=11, or 23 




Also, 


a:+y = 23, or IT 




13. Let 


X = one part, 




and 


y = the other part. 


Then, 


x-^y=60 


(1) 


and xy.s? -\-i^ i:2:b 


(2) 


From (2), 


2a^ + 2f = bxy 


(3) 


Or, a^a - 


•^xy-^rf = 


(4) 


Squaring (1), a? -f 


. 2a:y + 3/2_3goo 


(5) 
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Subtracting (4) jfrom (6), 


fa:y = 3600 


(6) 


Whence, 


xy = 800 


(») 


Or, 


4a:y=3200 


(8) 


Subtracting (8) from (6), a* — 


■2a:y+3^ = 400 


(9) 


Evolving, 


x—y— ± 20 


(10) 


Equation (1), 


a; + 3^ = 60 




Adding (10) and (1), 


2a: =80, or 40 




Whence, 


X = 40, or 20 




Subtracting (10) from (1), 


2y = 40, or 80 




Whence, 


y = 20, or 40 





Note. This problem may be solTcd bj the varioiu methods indicated 
in connection with the solations of the last example. If a; — y and x •{- y 
are used, the eqaations become 2 x &= 60 and x* — y* : 2 j:* + 2y* : : 2 : 5, 
or 7 =s 30 and x* =» 9 ^, from which y = ± 10, and the nombera are 
20 and 40, as before. 

16. Let aj = costof Istper^ard, indolL, 

and y = cost of 2d per yard, in doll. 

Then 100 y = gain per cent of first, 

and lOOy = loss per cent of second. 

Also X X -tq^ z=xy=, gain on a yard of first, 
and y X -jq^ = ^ = loss on a yard of second. 



Therefore, ^ 80a;4-80y = 60 (1) 

Also, ' 80 ary— 805^ = 5 (2) 

From (1), 4x + 4y = 3 (3) 

From (2), 16xy—l6y^—l (4) 

Mult. (3) by 4y, I6xy + 16 f = 12y (6) 

Subt. (4) from (5), 32y=12y— 1 (6) 

Whence, y8_|yr= — ^ (T) 

Completing square, 5^— |y + ?f 5 = rb (8) 

Evolving, y _ ^ = ± ^ (9) 

Whence, y = i* or ^ 
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t:i /*>\ 8 — 4» 8 — 1 3 — 4 

From (3), x——^ = —^,or---^ 

Eeducing, a: = j., or f 

It is evident that $ J = 6a cts., $ ^ == 62^ cts., $ i = 
25 cts., and $ i = 12J cts. 

Note. If x and y represent the cost of each in cents, then y will rep- 
resent the gain and loss per cent, and the equations will become 

80x + 80y = 6000, and ?^-^^ = 500, 

whence a? + y = 75, and ar y — y* == 625. 

These give 2y* — 75y = — 625, y = 25, or 12j, and x = 50, or 62J. 



16. Let * 


X == the greater. 


and 


y = the less. 


Then, 


x{x+y) = 14A (1) 


and 


f/(x-y)=.U (2) 


Expanding (1), 


ar^ + xy=144 (3) 


Expanding (2), 


ar3^-y« = 14 (4) 


From (4), 


.-"t" w 


Subst.in(3),^^^:^^^^ + ^+U+y^=144 (6) 


Cl.offract., 196+28y»+y*+14y2^y* = 144y» (.7) 


Whence, 


2y*— 102y» = — 196 (8) 


Multiplying by 2, 


4y* — 204^2 = — 392 (9) 


Adding (AJ^)S 4^- 


- 204 y» + 2601 = 2209 (10 ) 


Evolving, 


25^ — 51=±4Y (11) 


Whence, 


2^^ = 98, or 4 


Dividing by 2, 


y» = 49, or2 


Evolving, 


y= ± 1,0T ±^/2 


Substituting in (5), 


14 + 49 14 + 2 



Eeducing, a: = ± 9, or ± 8 ^2 

NoTB. As both the equations are homogeneous and of the second de- 
gree, thej may be solved by assuming y ss vx, according to the method 



of Art 284. 

19 
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IT. Let X = no. bushels. 

60 ° 

Then — = price paid per bush., in dollars, 

and = price rec'd per bush., in dollars. 



Therefore, 



5 4 ^ _ i, 

ar— 15 X 10 
Clearing effractions, 640 a:— 600 x + 9000 = a:* — 16 a: 
Whence, ar* + 45 a: = 9000 

Completing square, a;* + 45 a: + (^y = ^api 
Evolving, ar + ^ = ± -^F 

Whence, a; = 75, or — 120 

If he had added 15 bushels, instead of reserving 15, 
and lost 10 cents a bushel by selling for $64, then 120 
bushels would be the true answer. 



18. Let 
and 
Then 


X == digit in tens' place, 
y = digit in units' place. 
10 X -j- y = the number. 


From the conditions. 
Also, 

From (1), 


X -{-!,= 15 (1) 
xs^ + 31 = 10y + a: (2) 

if=U — x (3) 



Substituting in (2), 15 ar — ar* + 31 = 150— 10 a; + x (4) 

Or, a:» — 24a: = — 119 (5) 

Completing square, x^ — 24 a; + 144 = 25 (6) 

Evolving, X — 12 = i 6 

Whence, x = IT, of T • 

Substituting in (3), y = 15 — 17, or 15 — 7 

Uniting, y =: — 2, or 8 

Hence, 10a: + y = 78 

19. Let X = no. gold coins, 

and y = no. silver coins. 

Then xf/ = value of gold coins, in dollars, 

an.d xf/ = value of silver coins, in cents. 
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From the conditions, ^+y = 8 


(1) 


Also, 100 X y + a; y = 1515 


(2) 


From (2), a:^ = 15 


(3) 


Or, • y = - 


(4) 


Substituting in (1), x-\ = 8 

X 


(5) 


Whence, ar* — 8« = — 15 


(6) 


Completing square, x' — 8x+16 = l 


0) 


Evolving, X — 4 ^ ± 1 


(8) 


Whence, a; = 5, or 3 




Substituting in (4), y = -J^, or ^ 




Or, y = 3, or 5 





Note. The above equations being symmetrical, thej can of coarse be 
solved by the methods of Art. 285, as we have done many times where 
the sum and product have been given. 

The problem can also be readily solved by the use of one unknown 
quantity. 

20. Let X = price per dozen. 

Then -- = price of each egg, 

X 144 
12 -h -^ = — == no. eggs for 12 cts., 

-^ /144 , .\ 6a; 

12 -^ (^ -- + 2j = ^2-qri = ^®w P"ce per egg, 

6 X 72 X 

^^^ 72+ a? X 12 = y^ , ^ = new price per dozen. 



Therefore, x — 1 = 



72 + a; 

Clearing of fractions, T2 a; + i^ — 72 — ar = T2 a: 

Whence, t? — x=12 

Completing square, . a? — ar + i = 72^ = ^f^ 

Evolving, X — ^ = ±ij- 

Whence, a: = 9, or — 8 

The number 8 is the answer to the problem : What 
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are eggs a dozen, when two less for twelve cents raises 
the price one cent per dozen? 

21. Let X = no. panels on one side, 
and y = no. panels oti the other. 
Then 42; = length of one side, in yards, 
and 4: y = length of the other, in yards. 
Also 1 A.32Bq.rds. = 5808 square yards. 

From the conditions, 2 (a: + y) = 88 (1) 

Also, 4a:X4y = 6808 (2) 

From (1), a: + y = 44 (3) 

Squaring (3), x* + 2 ar y -f y> = 1936 (4) 

From (2), 4a;y =1462 (5) 

Subtracting (6) from (4), a:^ — 2a;y + y*= 484 (6) 

Evolving, X — y = ± 22 (t) 

Equation (3), a: + y := 44 

Adding (Y) and (3), 2ar = 66, or 22 

Whence, a; = 33, or 11 

Subtracting (Y) from (3), 2y = 22, or 66 

Whence, y = 11, or 33 

22. Let X, a: + 1, a: + 2, and a? + 3 = the numbers. 
Then, 10a: + a:-f 1 = (« + 2) (a: + 3) 
Expanding, 10a?-f-a:+l=a:^ + 6a:-|-6 
Whence, si^ — 6a: = — 5 

Compl. square, a^ — 6x + 9 = 4 

Evolving, a: — 3 = ± 2 

Whence, * a: = 6, or 1 

a: + 1 = 6, or 2 

a: + 2 = T, or 3 

a: + 3 = 8, or 4 

23. Let X = speed of the coach per hour, 
and a: -— 5 = speed m returning. 



QUADBATIC EQUATIONS. 221 

g 
Then - = no. hours going, in coach, 

and g = no, hours returning, on foot. 



Therefore, - + - = -1_ 

ar "^ 60 a: — . 5 

Clearing of fractions, 36 a: — 180 + 6 ar* _ 25 a; = 36 a: 

Whence, 6 ar» — 26 a; = 180 

Dividing by 6, ar* — 6 a: = 36 

Completing square, a? — 6 a: + ^^ = J-JA 

Evolving, X — j| = ± ^ 

Whence, a: = 9, or — 4 

It will be seen that the second answer, — 4, is his speed 
in returning. It would be his speed in going if he had 
returned at a rate 5 miles more per hour, and had been 
50 minutes less in returning than in going. 

24. Let a; = no. rec'd. by the gentleman, 

and . ar -f- 2 = number bought by the boy. 

12 
Then — == price paid by the gentleman, 

and . := market price. 

X -4— £ 



Therefore, , ^ 4- v^ = — 

Clearing of fractions, 180 a; + ar» + 2 a; = 180 a: + 360 • 
Or, a:2+2« = 360 

Completing square, ar*-|-2a:+l = 361 

Evolving, ar + 1 = ± 19 

Whence, a: = 18, or —20 

The second root of the equation, — 20, is the number of 
peaches that the boy bought ; or, it is the number that the 
gentleman would have received had the boy added two 
peaches, and thus caused the gentleman to pay at the rate 
of a cent for 15 less than the market price. 

19* 
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25. Let X = A's Bpeed per hour, 

and X — -J = B's speed per hour. 

Then - = A's time for running 5 miles, 

X 

5 25 

and ; = r = B's time for running 5 miles. 

X — ^ 5x — 1 ° 

Therefore, £ + g=_M_ 

Dividingby5, 1 + _L = _1_ 

Clearing of fractions, 600 a? — 120 + 5 ar» — a: = 600 a: 
Whence, ' 6 a:^ — ar = 120 

Multiplying by 20, 100 a:^ — 20 a? = 2400 

Completing square, 100 a:" — 20 a: + 1 = 2401 

Evolving, lOx — 1 = ± 49 

Whence, 10 a: = 60, or —48 

Dividing by 10, a: = 5, or — 4f 

Whence, x — ^ = 4|, or — 6 

The negative results are to be interpreted as in the last 
two examples. 

Note. Either of the last three problema can be readily solved with 
two uDknown qaantities. Thos, in Prob. 25, we should have the equa- 
tions X — y = T ai^d « ~ 120 * ^^^^^ ^^ ™*y ^ expressed y"^ — a?""^ 

^190' ^^ ' — ^ ~ m' ^^^* combined with the 6rst equation, gives 
the difference equal to \, and the product equal to 24, from which both 
of the values of x und y are readily obtained. 



26. Let X — height of the room, in feet. 

Then 2 a: == breadth of the room, 

2 (40 -f- 2 a:) = distance round the room, 
80 a: -f- 4: a;^ =^ surface of the walls, in feet, 

and - — ^- = surface of the walls, in yards. 

Therefore, | (^^^±1^ = UJ 



QUADRATIC EQUATIONS. 223 

r, 20x + 3^ US 

O'-' — 6 =-r 

Clearing of fractions, a? •-\-20x = 429 

Completing square, ar* + 20 a; + 100 == 629 
Evolving, a; + 10 = ± 23 

Whence, a: = 13, or — 33 

2t. Let a; = breadth of glass, 

and 2x = length of glass. 

Then 2 a:^ = surface of glass, 

and 6x = length of frame. 

Therefore, 2a^ X l^2b — 6x X ^^ = 22.00 

Or, ¥-¥ = 22 

Clearing of fractions, 6 a:^ — 9 a; = 44 

Multiplying by 20, 100 a:^ — 180 a: = 880 
Compl. square, 100 a:* — 180 a; + 81 = 961 
Evolving, 10 a: — 9 = ± 31 

Whence, 10 a; = 40, or — 22 

Dividing by 10, x = 4, or — 2| 

Multiplying by 2, 2 a: = 8, or — 4f 

Jf the cost of both glass and frame were $ 22, then 2^ and 
4f would be the dimensions, 

28. Let X = rate of one detachment, 

and X -\- i = rate of the other. 

39 
Then — = time of one detachment, 

X * 

and — I -T = z x—7 = time of the other. 

Therefore, r-r + 1 = — 

4a: -f- 1 X 

Clearing of fractions, 156 a; -(- 4 ar* + a: = 166 a; -{- 39 

Or, 4 ar» 4- a: = 39 

Multiplying by 16, 64 a:^ + 16 a; = 624 

Completing square, 64 «* -|- 1^ ^ + 1 = ^26 
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Evolving, 8 « + 1 = ± 25 

Whence, 8 a: = 24, or — 26 

Dividing by 8, x = 3, or — 3J- 

Adding i, x + ^ = 3^, or — 3 

The .negative roots show what would be the rates of 
each if the conditions were reversed. It will be seen 
that this belongs to the same class as Frobs. 23, 24, 
^nd 25. 

29. Let X and y represent the numbers. 

Then, a: + y = 6 (1) 

and ay =10 (2) 

Squaring (1), ar« + 2xy + y» = 36 (3) 

Multiplying (2) by 4, 4 x y =40 (4) 

Subtracting (4) from (3), a:» — 2 xy + y* = — 4 (6) 

Evolving, a? — y = ± 2 V^^ (6) 

Equation (1), , a; + y = 6 



Adding (6) and (1), 2 x = 6 ± 2 V^^a 

Whence, ar = 3 ± V—l 

Subtracting (6) from (1), 2y = 6 ^2 V^^ 

Whence, y = 3 q: V^^ 

Note. The same results may be obtained by eliminating one of the 
letters by snbstitntion ; by tiie use of one unknown quantity ; or by the 
use of or + ^ &^ ^ — y to r^resent the numbers. 

30. Let a^ = area of the first, 

and y^ = area of the second. 

Then a^ X 2.25 = ?^ = value of the first, 

and f X 2.25 = -^ = value of the second. 

Therefore, . 4ic + 4y = 200 (1) 

and x' + f= 1300 (2) 

Prom (1), a: + y = 50 (3) 
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x — y. 



Squaring (3), x^-^^xy +/ : 

Subtracting (2) from (4), 2xy'. 

Subtracting (5) from (2), a? — 2xy '\-f: 
Evolving, 
Equation (3), 

Adding (3) and (T), 

Whence, 

Squaring, 

Subtracting (T) from (3), 

Whence, 

Squaring, 

Value of the first. 



: 2500 

:1200 

100 

:±10 
:50 



2a:: 

% 

X : 



(5) 
(6) 
0) 



Value of the second. 



; 60, or 40 
: 30, or 20 
: 900, or 400 
: 40, or 60 
: 20, or 30 
: 400, or 900 

: 2025, or 900 
^ = 900, or 2025 



x" 

y 
y" 

4 

If 
4 



31. 

Then, 
and 



Let 
and 



X = price of 1 lb, of 
y =z price of 1 lb. of 

80ar+ 100^ = 
20 _ 10_ 
y a: " 



tea, in dollars, 
cofiee, in dollars. 

^ (1) 

60 (2) 



16a: + 203^ = 
2x — y = 



40 ar 



From (1), 
From (2), 

From (4), 

Substituting (5) in (3), 16 x ^ ^ ^ — 

Clearing of fract., 96 ar* + 16 a: + 40 a? = 

Whence, 96 ar^ — 22 a: = 

Multiplying by 6, 5T6 ar»— 132 a; == 

^'^'^Ki^T' '^'^-/''"+^= 

Evolving, 24 a; — ^ = 

Whence, 24 a? = 

Dividing by 24,^ x = 



13 
6xy 

2x 



6x+ 1 

13 

T8a;+13 
13 

T8 

1369 
16 

± ¥ 

12, or 



(3) 

(5) 

(6) 

0) 
(8) 
(9) 

(10) 
(11) 



V- 



ii 
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Sabstituting in (5), 
Beducing, 



-,or- 



-H 



Reducing fractions of a dollar to cents, we have 
X = 60, or — 27tVi and y = 26, or 86§. 



82. 



Let 
and 

Then 
and 
Also 
and 



X = first number of sheep, 
y = second number of sheep. 

— = price of first, per sheep, 

— = price of second, per sheep. 
80 a; 



y 

180 y 



= sum received for first, 



: sum received for second. 



Then, 
and 

Clearing (2) effractions. 
Dividing by 20, 
Evolving, 

Dividing by 3, 

Substituting (6) in (1), 

Clearing of fractions. 

Whence, 

Subst. in (1), 
Uniting, 

Then, 



180 y 



:100 
80 a? 

y 



180y»=80:y« 
3y= ±2x 

a: ± ^ = 100 

3ar ± 2a:== 300 
300 



X : 



8 ± 2 



(1) 
(2) 

(3) 

(4) 

(5) 
(6) 

0) 
(8) 
= 60, or 300 



y=100 — ar = 100 — 60, or 100 — 300 
y = 40, or — 200 
80_80_2 
7 ~ 40 ~ "* 
Also ^^^ _ 180 _ 

This is one of the problems to which reference was 
made on p. 21*1 of the Algebra. The above solution 
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involves only pure quadratics, but by assuming a diflferent 
notation, the equation after elimination becomes an affected 
quadratic. If only one unknown quantity be employed, 
or if the value of y in (1) be substituted in (4), the 
equation becomes 9 (100 — xy = 4 ar^. If this equation be 
expanded, instead of evolving, it reduces to b:x? — 1800 a: 
= — 90000, whose roots are 300 and 60, as above. 

EATIO AND PROPORTION. 
(Akt. S29, pp. 293-295.) 

3. Let X = jSrst term. 
Then, a: : 4 : : 6 : 8 

By Theo. XL, a: : 4 : : 3 : 4 

By Theo. XII., a: : 1 : : 3 : 1 

By Theo. L, a: = 3, Ans. 

^OTB. We may, of course, apply Theo. I. to the first proportion, thns 
producing the equation 8 x = 24, which may be solved in the usual manner. 

4. Given Zixiixi 1083 
By Theo. L, a? = 3249 
Evolving, a: = ± 67 

6. Given a + a: : a — x : : 11 : T 

By Theo. VIIL, . 2a:2x::18:4 

Dividing by 2, (TJieo. XL), a : a; : : 9 : 2 

6. Let A and B represent the altitude and base of 
one triangle, and a and h the altitude and base of the 
other. 
Then, 
and 

By Theo. XIIL, BxA\ 

Or, BX^ 

Div. by 3, (Theo. XL), BxAihXa 



'Bib: 


: It : 18 


A: a-. 


: 21 : 23 


bXa: 


: It X 21 : 18 X 23 


hXa-- 


: 361 : 414 


bXa: 


: 119 : 138 
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7. Let X =: no. gallons of milk. 

5 X 
Then — = no. gallons of mixture at first, 

5x 

-J 3 = no. gallons mixture after selling, 

and — 3 + 7 = — - — = no. gals. mixt. at last. 

4 '44 

Therefore, ^^ : ^^^^ : : Y : 6 

4 4 

Or (Theo. XL), Sx— 9 : 6x—l2t : t : 6 
♦ By Theo. VIL, 3 : 6 a:— 12 : : 1 : 6 

ByTheo. L, 6 ar — 12=18 

Transposing and uniting, 6 aj = 30 

Dividing by 5, a: = 6 

8. Let X = A's stock, 
and y = B's stock. 



Then, x + 


. 100;y— 60 ::4:3 


(1) 


and X — 


50 : y + 100 : : 5 : 9 


(2) 


From (1) (Theo. L), 


3ar + 300 = 4y — 200 


(3) 


From (2) (Theo. L), 


9 a: — 450 = 5y + 600 


(4) 


Transp. and unit, in (3), 


3a; — 4y = — 600 


(5) 


Transp. and unit, in (4), 


9a; — 6y = 960 


(6) 


Multiplying (5) by 3, 


9a;— 12y = — 1600 


0) 


Subtracting (1) from (6), 


7y = 2460 ^ 


(8) 


Dividing by 7, 


• y = 360 


(9) 


Substituting in (5), 


3a;_ 1400 = — 600 


(10) 


Transp. and uniting, 


3a; = 900 


(11) 


Dividing by 3, 


a; =300 


(12) 


9. Let X and y represent the numbers. 




Then, 


xy =.15 


(1) 


and a^ - 


•\-f;x^ — f::11:S 


(2) 



From (2), (Theo. VIIL), 2x^:2^:: 25: 9 (3) 

Dividing by 2, (Theo. XL), a;^ . yj . . 25 : 9 (4) 
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Evolving (Theo. XIV.) 
Whence (Theo. I.), 

Dividing by 3, 

Substituting (T) in (I) 

Whence, 
Evolving, 

Substituting in (T), 
10. Let 

and r = ratio 
amount of c 
Then 
•and 


, a; :y :: 5 : 3 

Bx = 5y 

■ 

y=± 3 

±3X5_ 


(5) 
(6) 

0) 
(8) 

(9) 
(10) 

(11) 

whole 

by A, 
byB. 


X g X O 

X = A's money 
y = B's money, 
of the money staked to the 
iach. 

rx=z money staked 
ry == money staked 


Therefore, 
and 


aJ+^y = 2(y — ry) 
y -f. ra: = 3 (a; — rar) 
a; + y=168 


(1) 
(2) 
(3) 


From (1), 
From (2), 

From (4), 
From (5), 
Hpncp 


a; + 3ry = 2y 
y + 4ra; = 3x 

^_2y-x 


(4) 
• (5) 

(6) 
0) 

(8) 

(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(15) 


8y 
^_Sx^y 
^x 
SX'—y 2y — x 


Clearing of fractions, 

Or, 

Adding Bxy, : 

Dividing by a: + .y, 

Or, 

Substituting in (3)^ 
Clearing of fractions, 


4:X Sy 
9xf/ — Bfz=Sxy — 4:a? 

4.^ + xy = Sf 
4ar» + 4a:y = 3a;y -f 3y* 
4x=3y 

y+y=168 
3y + 4y = 6T2 



20 
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Uniting terms, 1^ = 612 (16) 

Whence, y = 96 (17) 

Substituting in (13), x = ?-^ = 12 (18) 

Substituting in (7), r = ?^^=^ = ,V (1^) 

Note. If x and y be diminated from (3), (4), and (5), we obtain the 
equation 12r" — 17 r = — 5, whose roots are 1, or ■^. The former of 
these leads to impossible valaes of x and y, as it corresponds with x + y 
= 0, the fiictor cast out from equation (11). The factor r — 1, or 1 — r, 
is, readily discovered in the equation, and removed from it, rendering it 
a simple equation. Thus, after eliminating y by means of (3), (4) gives 

X « y?_:^^^, and (5) gives x = j^i whence, 42 « 112 — 168 r, 

and r = A. 



SERIES. 

ARITHMETICAL PROGRESSION. 
(Abt. 334, pp. 296, 297.) 

1. /= a + (» — 1)^=5 + 19X3 = 62 

2. ?=o + (n — 1)^ = 4 + 29 X 5=149 

3. ?=a+(n — l)d=10 + 4X(— 2)=10— 8 = 2 

4. ?=a+(»—l)rf = — 6+14Xi=— 6 + 7 = 1 

5. ?=o+(»— l)rf=15+5X(— 3)=15— 15 = 

(Art. 835, pp. 297, 298.) 

1. Z=a+(»—l)rf=3+ 19X2 = 41 

S=in (a + = 10 X (3 + 41) =\o X 44 = 440 

2. i=a+(n — l)d=7+5X(— 4) = 7 — 20 = — 13 
5=in(a + 0=3X(7— 13) = 3X(— 6)=-18 

3. Z = o+ (»— l)rf=J + 19X l = 19i• 
<S'= J«(a+f) = 10 X (i + 19i) = 10 X 20=200 



a^.RIF.S. . 
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10 X (5 +62) = 


: 10 X 6Y : 


= 610 



4. S=in(a~\-I) 

5. i=a+(n— l)rf=— 3i + 20Xi=— 3i + 4=§ 
S== J»(a+0=VX(-3i+§)=VX(-f)=-28 



(Abt. 336, pp. 298-300.) 

1. a = i—(»—l)rf'=62 — 19X3 = 62 — 51 = 5 

2 . _ I — a 14 9 — 4 _ 145 _ , 

n — 1 80 — 1 29 ~" 

8. „=,^ + l=L=L^ + l = 144-l = 15 

4. a= — —/=?^^ — 19 = 22 — 19 = 3 

» 9 

5. rf = '-^ = ?pA« = =« = _2 

n — 1 6 — 1 4 



(Art. 337, pp. 300, 301.) 

a + J_6 + 20_26_ 
1- — 2~ — ~2~ — 2" — 1** 

2. <f = '— « = ^^ = | = 3. 

n — 1 4 — 1 8 

a + rf=5 + 3==8; 8 + 3 = 11. 

o « + ^_i + i_H_13 
2 2 ~ 2 72 

4. ^_ ^ — q _ 3— 1 _ 2_ 1 

n— 1~5 — 1~4""2 
a + rf=l+i = lj; 1J + J = 2; 2 + J = 2i 

6. rf = ^.zi^ = V:zzi = f=l 

n — 1 4 — 1 8 2 
a + rf = i + J = t; f + J = | = # 
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>i ^ — L-^ _ y — * _ y — ^ 

•^ i^S 8' 3 ^^3. 3 

Note. It will be seen that the common difference is found by dividing 
the difference between the two given terms by the required number of 
means to be inserted, plus 1 ; that is, d = "T ^ , in which m represents 
the number of means. 



PROBLEMS. 
(Art. 838, pp. 302, 303.) 

1. >S=J»(a + = 6 X (1 + 12) = 6X13=78 

2. /=a + (n — l)(f = i+14Xi=4 + V=-¥^ = 5 

8. Z=a+(n— 1)(;=15 + 19X(-4) = 15— T6=— 61 
5=in(a + = 10X (15 — 61) = 10X (—46)=— 460 

4. /=a + (7i — I)rf = 2+24X3 = 2+T2 = T4 
5^= ^n (a + Z) = ^ X (2 + U) =^^ X t6 = 950 

5. rf = ^-=^ = -i— * = -'- 

*"• " n — 1 7 — 1 6 

«+^=^-*=«=*; f-^=4; *-*=o; o-i=— i; 

6. The values of « from the two fundamental formulas 
are n = — -r- + 1 = » , > whence a =: 



2500 — 1 2499 



408 — 50 — 1 857 



= 7. 



^ 2 5 2 X 204 408 o 

^r' « = /+^ = -soHpr = ^ = ^ 

, _ Z — a _ 50 — 1 49 _ ^ 

n— 1 8—1 7 * 

•7 Ar+ qqfi m «.— 2'^ _2X25 60 

T. Art. 336, (8), « = ^-:p^ = y:p3 =10 = ^ 
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8. The common difference is the interest of $20 for 
one year, at 4 per cent, or 20 X t4it = t* 

Z = a + (n — 1) <f = 20 + 19 X * = 20 + J^i? = 36i 
>S= i « (a + = 10 X (20 + 36i) = 10 X 55^ = 652 

Note. The amount of the last year's sayings .is simply $20; bat, as 
h is smaller than the amount of the first year's savings, which has 19 years' 
interest added to it, we use the smallest as a, or the first term, and the 
largest as /, or the last term. 

9. Art.336(4), a = ?^— Z=^^— 7=36— 7=z28 

^ ^ n 8 

Art.336{5), d = ^-^ = ^ = =^ = _3 
a + d= 28 — 3 = 25 ; 25 — 3 = 22, etc. 

10. ?=o+(n— 1) <?=2000-|-(a;— 1)?^=2000 (l+^) 

^=i„(a+0=f[2000+200o(l+^-I^)]=?«»^^(2+--') 
= 2000 a: 4- lOOar (a: — 1) = lOOa:^ ^ 1900 « 

■n XI- j.x. 100 a:* 4- 1900 a; „„^^ 
Prom the conditions, ^ = 3300 

Or, 10 a:^ + 190 a = 3300 

Dividing by 10, o^ _|. jg ^y = 330 

Completing square, ar» + 19 a: + (^y = -i^^J. 
Evolving, a: + -V^ — . ± -V- 

Whence, a: =: 11, or — 30 

11. Let X = the number of seconds. 
Then Sx = distance run by the hare. 

l=a + {n—l)d=S + (x—l) X J =^-^^ = distance 

run by the greyhound during the last second. 

5= |(« + = I (8 + ^-i?) = ^dl^if = whole dia- 

tance run by the greyhound. 

a* 4- 81 « 
Prom the conditions, — ^ = 8 ar -f- 60 

Clearing of fractions, ar» + 31 a; = 32 a; + 240 

20* 
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Whence, sc* — ar = 240 

Completing square, s^ — a; + i = 240^ == Aj± 

Evolving, X — J = ± 5j^ 

Whence, a; = 16, or — 16 

The negative root of the equation, 15, is the answer to a 
problem whose conditions are the reverse of those given ; 
that is, both must run in an opposite direction, the hare 
must overtake the greyhound, and the distances run by the 
greyhound in successive seconds must be a continuation of 
the given series in the other direction, TJ feet the first 
second, T feet the second, 6J the third, etc. 

12, Let X = first term, 

and y = common difierence. 

Then x, x -\- y, a: + 2y, a: + 3y, etc., is the series. 

(1) 

(2) 
(3) 

(5) 



Substituting the value of x and y in the series a?, a; + y, 
X -\- 2y, X + 3y, we obtain 1, 1^, 2, 2J-. 

Note. It is sometiines more convenient to use x — y, x, and x + y 
for three terms of an arithmetical series, and x — 3 y, x — y, x + y, and 
X -{• 3y for four terms. 

13. In this problem, a = 16.1, d= 32.2, and n = 20 ; 
hence the distance through which a body would fall in the 
twentieth second =Z=a4- (w — 1) d= 16.1 + 19 X 32.2 = 
16.1 + 611.8 = 627.9. The distance through which it would 
fallin20seconds = S=^n(a + /) = 10X(16.1+627.9) = 
10 X 644 = 6440. But 6440 ft. = |||^ miles = 1.22 m., 
nearly. 



Therefore, 
and 




2x+y = 


:2J 
■.2i 


Multiplying (2) by 2, 
Subtracting (1) from 
Dividing (4) by 6, 
Substituting in (2), 
Whence, 


(3), 


2a; + 6y = 
5y = 

y = 

X = 


:5 

■i 
-i 

:1 
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GEOMETRICAL PROGRESSION. 
(Art. 348, p. 305.) 

1. I = ar^-^ = 5 X 4^ = 5 X 16384 = 81920. 

2. l=a r«-i = 28612 X (if = Ws^^ = '?• 

3. I = ar'^-"^ = 5 X 4« = 6 X 65536 = 321680. 

4. ?=ar-i= 100 X (S)'= 100 X 2^^ = W#= 13 sVtt- 
6. Z=ar«-i = 3 X 2» = 3 X 256 = 168. 

(Art. 344, pp. 306, 301.) 

1. 8='-!^ = V<^ '''\- ^ = 2048 - 1 = 2041. 

r — 1 2 — 1 

2. ^^£(!!1^ ^ 6 (4'- 1) ^ 6 X 65535 ^ ^3^ 

r — 1 4 — 1 8 

,,^^a O <3^^1 531441-1 ^ 
•*^ r— 1 3 — 1 3 — 1 ^ 

= 265120. 

5. s=^j^^='-^f^='_t:¥^ 

r— 1 J — 1 ^ V 2V 

(Art. 345, pp. 301, 308.) 

« 

3 V— « — T^ _il^_79 
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1 — r 1 — 1 1 — I « X — 1 

0. 0_Y3-^ — j-q^j — | — 3. 

(Abt. 346, pp. 308, 309.) 

, _ / 405 405 , 

1. o — ;sri— 34 — -gf — ^- 

_ fif—a _ 9555 — 716 8 2887 _ 1 

^ 5 — Z ~9o55— 7~ 9548 4 * 

4. a = r/— (r—l)AS'=2X 30T2 — (2 — 1) X 6141 

= 6144 — 6141 = 3. 

5. Formula (4), by a simple transposition of terms 
and change of signs, becomes, after dividing by r, 
._a + (r — 1)S _ 2 + (3 — 1) X 6560 2 + 13120 _ 13122 

• r "" 3 "^3 """3"" 

= 43U. 

NoTB. Formula (4) is simply (2) cleared of fractions, etc. ; hence the 
solntion of this example is based entirely upon the second fundamental 
formula. 

(Art. 847, pp. 309-311.) 

ar = 6 X 4 = 20; ar2 = 20 X 4 = 80. 
3. \/30">rT J = \^25 = 15. 
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*■ '=(r={?)*=TO*=3^ 

ar=6X3 = 18; a 7^=18x3= 64 ; a 7^=64X3=162. 

6. Arith. mean = --f-^ ^^ 2 ^^ 9 * 

Geom. mean = \^l X i = \^i = i- . 

NoTB. If it is preferred, tiie formnla r = ("r""^ niay be used in 

place of r = (~r"*"^j or the first part of the rule, remembering that n, 
the number of terms, is always 2 greater than m, the number of means. 

PROBLEMS. 
(Art. 548, pp. 311, 312.) 

1. a = i, ar = 1 ; r = — = J = 3 ; 
ar2=lx3 = 3;ar» = 3X3 = a' 

2. ?^ = r2 = ?^ = 4; r=\/4 = 2; 300X2 = 600. 

3. ;=ar"-i=l X 2* = 612. 

4. Formula (4), Art. 344, S = ^ ^^JT/^ > »^®^ ^^®a^- 
ing the equation of fractions and dividing by r" — 1> 

becomesa - ('— ^>^ - (J-Q X 102-95 _ j X 102-95 
Decomeso _ ^_j — (|)t_i — J^_i 

= ^^ = -025 X 128 = 8.20. 



A 



5. Formula (5), Art. 346, r = Q""*= (^) 
= (2048)"^- = 2. 

6. Formula,Art.345, <S = :i-^^=::j-?^ = 5 = 4:00. 
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7. Let a; = a side of the sqaare, 
and a^ = its area. 

Then, o:^ = 18 X 288 

Evolving, X = \/l8 X 288 = V5184 = 12 

The side of the square is then a geometrical mean between 
the sides of the rectangle. This mean is obtained as in 
Art. 347. 

8. 7^ = — =^ = 9, andr = \/9 = 3; 

ar g rt 

a — f . 

1 

9. By Art. 34T, r = Q""' = (^^)+ = (128)+ = 2 ; 

a=l; ar=lx2=2;ar» = 2x2 = 4; 
ar»=4X2=8;ar*=8x2=16;ar«=16X2=32; 
aT^= 32 X 2 = 64 ; a/ = 64 X 2 = 128. 

10. a = -, ar = x, andar^ = xy; 

^^ar" xy ^ ar x 

ar a: ^' ' "a^ "^y ^' 

11. Let X = the first term, 
and y = the ratio. 

Then x, xy, and xy^ represent the three shares. 

Hence, x -{- xy -{- xf=:2iQ (1) 

and x — xy^ = 90 (2) 

From (2), '"=1^ (^>- 

Hence »<> — ^10 

Dividing by 30, _J_ = __1_^ (6) 

Clearing of fractions, 84-3y + 3/=7 — 1y* (T) 

Transp. and uniting, lOi^ -{- St/z=zi (8) 
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Dividing by 10, 
Completing square, 
Evolving, 
Whence, 


f + i%y = -h (9) 
f + ^y+:,U = m (10) 

y + ^^=±ii (11) 
y = i, or — t 


Substituting in (4), 


.=^^=| = m 


Hence, 
and 


a;y=120Xi = 60 
xy'=120Xi = 30 


12. Let a:, xy, xy^, 
Then, 
and 


xj^, etc., represent the series of terms. 

x + xy=l^ {\) 

a:3^ + a:y=12 (2) 


Dividing (2) by (1), 

Evolving, 

Substituting in (1), 

Whence, 

Or, 

Therefore, 


i^ = 9 (3) 

y=±3 (4) 

x^Zx = ^ (6) 
4a; = * (6) 

ary=iX3=l 



ar2^« = iX9 = 3 
and a:y^ = i X 2T = 9 

If y = — 3, then ar= — f , and the series — f , 2, — 6, 18 
etc., will satisfy the conditions of the problem. 

13. Let X, xy, and xy^, represent the three terms. 



Then, 


X -{- X 2/ -\-x 1/^ = 35 


(1) 


and 


xy : x^ — X :: 2 : 3 


(2) 


From (2), 


3xy = 2xf — 2x 


(3) 


Dividing \)y x, 


3y = 2y«— 2 


(^) 


Or, 


2y» — 8y = 2 


(5) 


Multiplying by 8, 


16y" — 24y=16 


(6) 


Completing square. 


ley — 24y+9 = 25 


0) 


Evolving, 


4y— 3=±5 


(8) 


Whence, 


4y=8, or— 2 




Dividing by 4, 


y = 2, or— ^ 




Substituting in (1), 


a; + 2aj + 4a;=35 




Uniting terms, 


1» = 8S 
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Dividing by 7, x = 5 

Therefore, opy = 6 X 2 = 10 

and ay* = 6 X 4: = 20 

If — i, the second value of y, be employed, vre obtain 

the equation x — - -j- - = 35, from which we denve a:= 46|. 

Hence the series 46|, — 23^, and 11§ will also satisfy the 
conditions of the problem, algebraically. 

14. Let X, xy,xf^, and x^ represent the numbers. 

Then, ay* — a:y = 24 (1) 

and X -J- ary* : xy -|- ^^ : : T : 3 (2) 

From (2), 3 (a + a:y») = 7 (ay + xy«) (3) 

Dividing by a: + ay, 3 (1 —y + f) = 7 y (4) 

Whence, 3ya_i0y = — 3 (5) 

Multiplying by 3, 9 y« — 30 y = — 9 (6) 

Completing squ£«re, 9/— 30 y + 26 = 16 (7) 

Evolving, 3 y — 5 = ± 4 (8) 

Whence, 3y = 9, or 1 

Dividing by 3, y = 3, or J 

From(l), """^p^ 

Substituting values af y, a = ^ — --, or -^ = 

Reducing, a = 1, or — 81 

a:y=lX 3, or — 81 X i = 3, or — 27 
a;y*=lX 9, or — 81 X i= 9, or — 9 
xf=l X 27, or — 81 X2V = 2T, or — 3 

It will be seen that the series — 81, — 27, — 9, and 
— 3 will answer the conditions of the problem, algebrai- 
cally, as well as 1, 3, 9, 27. 

Note. Instead of ar, xy, xy*, &c., it is sometimes conyenient to use 

3^,xy,i/*i or X, Vxy, y; or —, x, xy, when there are three unknown 

y 2 « 

quantities ia geomctncal pcogressioii ; or - , a:, y, ^ , when them are foor. 
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MISCELLANEOUS EXAMPLES. 

(Pages 313-324.) 
2. 2a2_52^a.2_2 X 16 — 36+4 = 36 — 36 = 0. 

4. a^ + a J + 5^ 

a2 _ a J + *^ 



— a'^h — an^ — aJ^ 

6. 48a2Ja:« = 2*X3a2Ja:»=2x2x2X2X3aa5ararar. 
6. 16a2^— 9a:2_(4^j_j_3^)(4^^_3a.)by^rt.91. 

— _ J_ 

~ r+ i" • 

5a + 3a: . . 5 a + 3 g — 3 a-|-3 g 2a + 6a: 

8. g {a — x)— 3 _ g . 

9. (ar* + 2a; — 3) -T- (a; — l)=a;+3. 
10. ?iix (a-l)=a + l,Ans. 



11. X' 



ZX X'\-7? — ZX 3? 2X ^ 



1+a; 1 + a: 1 + a: ' 

a:«-_2a: , — 2a; o^ — 2a: 1+a: (x? — 2a? x — 2 2 — x 

1 + a; '^l^x~ l+x ^ — 2a; —2a; "" —2 2 * 

12. 16a:2^_2 x 2 X2 X "^xxyyyy 

28axy = 2 X 2 X Tar^^ 
~~4^2^ = 2 X 2a:y 

• 21 
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13. Let X = number of apple-trees, 
and 3 a: = number of pear-trees. 

Then, 4(a; — 4) = 3 a; — 4 

Or, 4a: — 16 = 3a; — 4 
Whence, ^ = 12 

Then, 3 a; = 36 

14. Let X = each son's share, 

y = each daughter's share, 
and a; + y = t^o widow's share. 

Then, a; + y + 2a; + 3y = UOO (1) 

and 3y = 2a; (2) 

From (2), y = ^ (3) 

Substituting (3) in (1), a; + ^ + 2 a: + 2 a; = ITOO (4) 

Or, • ~ = im (5) 

Dividing by Jf , x = 300 (6) 

Substituting in (3), y = i>^^ = 200 {1) 

Adding (6) and (T), x + y = 600 (8) 

15. Let x = no. gallons per stroke, of the second^ 

§ = no. strokes of the first, per minute, 
and f == no. strokes of the second, per minute. 

Then, a; X f = 2 X f 

Or, V' = 3 ^ 

Clearing of fractions, 2 a; = 9 

Whence, a: = 4^ 

16. Let X = the distance, in miles. 

"^^^^ 192QQQ ^^^ ^™® ^^ light to travel x miles, 

and Yn^n = "TT^TT = time for sound to travel x miles. 
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528^ X 

From the conditions, -3^ — jg^^ooo = ^^* 

Clearing of fractions, 1013T6000 a: — 109 x = 219'744000 
Uniting terms, 101316891 x = 219U4000 

Dividing by 1013T5891, a? = 2^, nearly. 

Note. As light travels with such g^at velocity, it is customary to 
consider its motion instantaneous, for terrestrial distances. If, then, we 
neglect the time required for light to pass over x miles, we obtain 

5??^=10i, or528x = 1144.5, 

whence x = -^ = 2^^ = 2^ = 2^ , nearly. 

If we had used a for 192000, 6 for ggso' ^^^^^^^ ^^* ^® should have 

obtained x ^ . . . As & is so small in comparison with a, the error 

would be very small if we regard a as canctoig a — 6, thus reducing 
the expression to x = be, 

IT. Let a: = distance traveled. 

Then 8 — x=. distance from the town, 

a: 



2 = time of the first, in hours, 

r- = time of 
Also 10 minutes = ^ hour 



X ^x 

and —■ = ---= time of the second, in hours. 

4^ y 



X 2 a? 1 
From the conditions, - — ^ -— = - 

4 1/0 

Clearing of fractions, 9x — 8 a: = 6 
Or, x=6 

Whence, 8 — a? = 8 —6 = 2 

18. Let X = the distance. 

Then — = time on the coach, 

X 

and 2 = time in returning. 



Therefore, ^+^^ = 1J 



244 KEY TO ELEMENTABT ALGEBfiA. 

Clearing of fractions, 6 a: + 2 a: = 30 

Or, 1x=: 30 

Dividing by 7, a; = 4^, Ans. 

19. Let X = the price per dozen, in pence, 
and y = the number of coins of each kind. 
Then 2 y = number of dozens of oranges, 

2a:y = the price of the whole, 
12 y = the value of the shillings, in pence, 
and I = the value of the halfpence, in pence. 

Therefore, 2xy = 12y + | 

Dividing by y, ' 2 ar = 12 + J 

Dividing by 2, a: = ^ -s- 2 = V- = 6^- 

20. As the clock gains, it is evident the true time is 
before mid-day. 

Let X = the true time before Wednesday noon, 

and a = 1440 minutes = 24 hours. 

Then a — x = the true time after Tuesday ijoon. 

** As the clock gains 1 minute in 24 hours, or a minutes, it 

indicates a -j- 1 minutes to every a minutes of true time. 

At the required time, the clock indicates a minutes. 

Hence, a : a — x : : a -}- 1 : a 

Mult, extremes and means, a^ = (a — x) (a + 1) 

Or, a^ = o^ + a — x (a + 1) 

Whence, (a + 1) a: = a 

T.. . ,. , , , a 1440 

Dividmg by a + 1, x = ^^jj = jj^ 

Note. The above proportion expressed in numbers would be 

cL time tr. time , cL time tr. time 

1440 : 1440 — X : : 1441 : 1440 

21. Let X = the portion at 6 per cent, 

q = 100000 = the whole principal, 
and b = 4290 == the whole income. 

Then a — a: = the portion at 4 per cent. 
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Therefore, ^^ + i(— ) = 5 

Clearing of fractions, 6a:-f"4:a — 4ar=100J 

Whence, x = 100 J — 4 a = 429000— 400000 

Or, X = 29000 

22. Let X == the number bought. 

Then — = the cost of each, 

— ^ = the sum received for each, 

., 180 ^^ 4 240 . . , , 

and — X 5 = — = per centage gained on each. 

X o X 



Therefore. J^-iL^ + il^X ''' 



a;— 2 X ' a: '^^ 100 a: 



Dividing by 180, . -^=1 + 11 

Clearing of fractions, 6a:^=?6x^ — 10a;+ 12 a: — 24 



Whence, 


2 


x = 24 


Dividing by 2, 




x=12 


23. Let 




X = sum left for each. 


Then, 




4a; = 6(a: — 1000) 


. Or, 




4tx = 6 a: — 6000 


Whence, 




X = 6000, Ans. 


24. Let 


x = no. 


ounces of ffold. 



and 4160 — x = no. ounces of silver. 

X 4 a? 
Then - r = — • = weight of water displaced by gold, 

and 

4160 — a; 8320 — 2a: • tx ^ 4. a- i ax. m 

— ^T — = 2j = weight of water displaced by silver. 

Therefore, 1^ + ???2_pl^ = 26^ 

Clear, of fract., 12a:+ 91520 — 22a:=: 6n60 
Whence, "^ 10 a: = 33110 

21* 
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Dividing by 10, a: == 33TT 

Then, 4160 —x = 4160 — BB11 = 183 

25. Let 
and 



x = 


: daily wages, 




y = 


; cost of board, per 


day. 


12 


a; — 17y = 


35 


(1) 


16 


af — 23y = 


33 


(2) 


48; 


X — 68^ = 


140 


(3) 


48^ 


X — 69y = 


99 


(4) 




y = 


41 


. (5) 


12 


a; — 697 = 


35 


(6) 




12a; = 


732 


CD 




x = 


61 


(8) 



Then, 
and 

Multiplying (1) by 4, 
Multiplying (2) by 3, 

Subtracting (4) from (3), 
Substituting in (1), 
Whence, 
Dividing by 12, 

It will be seen that the daily wages w^re 20 cents 
and board ; but 41 cents are to be deducted for every 
day he was idle. 

26. Let X = the number. 

Then, ^ + |_2 = iA^ + 3 

Clearing of fractions, 8a: + 3a; — 24=ll:?:+36 
Whence, a: = 60 

Dividing by 0, a; = ^jP- = oo 

27. (J — l^)(J + b^) = cf — l^. Aus.J + b^. 

28. -^— X^ — gj— . 

29. 4(1— a:2)=22(l+ar)(l— a;) 
8(1— x) =2^(1- a:) 
4(l+ar^) = 22(l+a:2) 



2«(l + a:)(l-x)(l+a:2) 
= 2' (1 — a:^) (1 ^^) _ 8 (i _^i>^ 

30. The repeating decimal .999, etc. forms an infinite 
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descending series, in which the first term is ^jy and the 
ratio yV- Hence 

S — ^ — _lV_ _ A _ 1 



31. Let X = time required by B, 




and y = time required by C. 




Then — , -, and - are the parts each would do in 1 
10 X y 


From the conditions, - + - = — 
' ar ' y 12 


(1) 


Ai 6,6,6,3, 


(2) 


From (2), !-L.£ = il 
^ '' a; ^ y 20 


(3) 


r\ 2,37 


(4) 


Multiplying (1) by 2, 1 + 1 = ^ 


(5) 


Subtracting (5) from (4), " ^^ is 


(6) 


Whence, ' y = 15 


0) 


Substituting in (1), S + i = H 


(8) 


Or 1_ 1 1 _ 1 
' X 12 15 60 


(9) 


Whence, a; = 60 


(10) 



Note. Negative exponents may, of course, be used in place of the frac- 
tional forms given above. 

32. 10000 = 100 X 100 = 4 X 25 X 4 X 25, 

33. (— 2 a^^l = — 2^ a^i = — 128 a* . 

34. Let a; = the length of the pile. 
Then, | + ?i^+13=:a: 
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Gleariog of fractioos, 7 a: + 15 x + 456 == 35 a? 
Whence, 13 a: = 455 

Dividing by 13, x = 35, Ans. 

36. Let X = A's age at his death. 

Then the gift of the year of A's death must have been 
4 X, that of the year previous 4 a: — 4, and so on, the 
sums forming an arithmetical progression, of which the 
number of terms is 8, the common difference 4, and the 
last term 4 a:. 

a = l—{n — l)d=:4:x — 1 X4 = 4a:— 28 

S=in(a + Q = 4 X (4a:— 28+ 4a:) =32 a; — 112 
Therefore, 32 x— 112 = 1904 
Or, 32 a: = 2016 

Whence, a: = 63 

The year of his death must have been T years later than 
1855, or 1862, and as his age was then 63 years, he must 
have been born in 1862 — 63 = 1799. 

^ 36. Let the points A and B of the 

■^ ' , ^ accompanying figure represent the po- 

^- A sitions of A and B at the first tinje 

mentioned ; A' and B' their positions 2 
minutes afterwards ; and A'' and B" 
their positions in 8 minutes more. 
Let a: = A's speed per minute, 

and y = B's speed per minute. 

Then 2 a: = the distance A A , 

2 y = the distance B B', 
10 a: = the distance A A", 
and 10 y = the distance B B'\ 

Also, 640 =: the distance A B. 

From the conditions of the problem, A A' = A B' = A B 
- B B', and A A" = A B" = B B" — A B. 

Hence, 2 a: = 540 — 2y ' (1) 

and 10a:=10y — 540 (2) 



B 
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From (1), a: + y = 2T0 (3) 

From (2), a: — y = — 54 (4) 

Adding (3) and (4), 2 a; = 216 (5) 

Whence, a: = 108 (6) 

Subtracting (4) from (3), 2y = 324 (T) 

Whence, y=162 (8) 

3T. Let ar, xy, and xy^ represent the numbers. 
Then, ar + a:3^=10 (1) 

and x^r* — ary = 24 (2) 

From(l), "^^r^l^ ^^^ 

24 

From (2), "^ = 7=1? ^^^ 

Hence, ^ = ^ (6) 

Clearing of fractions, 10^ — lOy = 24 + 24y (6) 

Whence, 10 y» — 34y = 24 (7) 

Dividing by 10, f — \hy=^\% (8) 

Completing sqtlare, f — \%y:\-m = H^ (9) 

Evolving, !/ — ii=±H (10) 
Whence, * y = 4, or — f 

Substituting in (3), x =z , or __ ^ 

Keducing, a: = 2, or 25 

a;y = 2 X 4, or — I X 25 = 8, or — 15 
a;y» = 2 X 16, or 25 X j\ = 32, or 9 



38. Let X =■ the greater number, 

and y = the less number. 

Then, x — y = S (1) 

and a;y=105 (2) 

Squaring (1), a:^ — 2a:y + y^ = 64 (3) 

Multiplying (2) by 4, 4 xy — 420 (4) 
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Adding (3) and (4), x'+2x!f+y' = 484 (5) 

Evolving, a: + y = ± 22 (6) 

Equation (1), x — y=^S 

Adding (6) and (1), 2x = 30, or — 14 
Whence, a: =15, or — 7 

Subtracting (1) from (6), 2 y = 14, or — 30 
Whence, y = T, or — 15 

Note. If only one anknown quantity be employed, or if we eliminate 
p from (1) and (2), we obtain 

a* — 8 X = 105, whence x s= 15, or — 7, and x — 8 = 7, or — 15 



39. Let X = the number of days. 
Then S=in(a + l)=lx(l+x) =^i^ = dist. A travels, 
and 20 a: = distance B travels. 

Therefore, ^i? + 20 x = 23661 

Clearing effractions, x^ -{- x -{' 40 x = 4T322 
Or, x« + 41 a: = 4T322 

Completing square, a:*+41 x + ^\^ = -^^^-^ 
Evolving, a: + V- = ± ^F 

Whence, a: = 198, or —239 

a' + g ^ 89204+ 198 _'.^g^^^ 

20 a: = 20 X 198 = 3960 

40. Let X = the numerator, 
and y = the denominator. 

Then - = the fraction. 

y 



From the conditions, ^ =: h (1) 

Also, -^ = d (2) 

From (1), hy — xz=:a (3) 

From (2), x — dy = cd (4) 
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Adding (3) and (4), hy — dy — aArcd (5) 

Whence, y = ^~-^ (6) 

Multiplying (3) by (Z, hdy — dx = ad (T) 

Multiplying (4) by ^, hx — hdy=zhcd (8) 

Adding (T) and (8), bx — dx = ad -\' bed (9) 

Whence, «?= i, _ ^ (10) 



•</ — 


ad-\' bed 


a? 


h^d 


y"~ 


a + cd 
b — d 



Therefore, - = a-^cd ^^^^ 



42. Let ar = the number of days. 

2 X 8 X 32 = no. hours labor for one man. 

afta: = 2 X 8 X 32 = 512 

. 512 . 
X = — T; Ans. 

X = one part, 
w a: =: the other. 



Then, 


ah 


Dividing by a J, 


43. 


Let 




and 




Then, 


• 


Whence, 




Multiplying by wi, 


44. 


Let 





and. 




Then 



mx ■■\- x = m 

m 



mx 



" wi + 1 



« + l 

X = A's stock, 
416 — X = B's stock. 
228 — X =. A's gain, 
and 252 — (416— x) = a: — 164 = B's gain. 
Each mn's gain is proportional to the product of his 
capital by the time for which it was employed. 
Hence, 228— a; : a: — 164 : : 9 a: : 6 (416 —x) 

By Art. 325, 228— ar : a:— 164 : : 3x : 832 — 2a; 
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By Art. 316, 189696 — 1288 x+ 23^=33^ — 192 x 
Whence, x^ -fT96 a: = 189696 

Completing square, ar» + T96 x + (398)2 _ 343100 
Evolving, a? + 398 = ± 690 

Whence, ar = 192 

Then, 416— a: = 224 

45. The whole debt must be $30,000,000 -^ .03 
= $1,000,000,000, and the debt after paying $200,- 
000,000 will be $800,000,000. 

Let X = reduced rate per cent. 

Then, 1,000,000,000 X i~ = 800,000,000 X ^66 

Or, 10,000,000 X = 24,000,000 

Dividing by 1,000,000, 10 a: = 24 

Whence, a; = 2.4 = 2f 

46. (2 c — 3 r) a: — (c — 1) a: — (c — 2 r) a? — a: 

= 2 ex — 3ra: — cx-^x — cx-^2rx — x=z — rx, 

47 _L — _1_. v?i — . «^ 



a—b~a'-b^ab~ab{a--b) 

1 1 ^ a_ b — a b — a a — b 2ab — a* — ft* 

a b ab ab ab ab a — 6 ab(a — b) 

ab 2ab—a*-b' _qb—2ab+a*+l^_ a^—ab+b^ 

ab(a—b) ab(a — b) ~ ab(a—b) ~a6(a — 6)' " 

48. Ans. They have the same value. 

49. By Art. 91, (a — ft) -5- (Va — Vft) = \/^ -f Vb, Ans. 



50. 


Let 




«:= 


; the number of turkeys, 






and 




y = 


; the number of geese. 




From the conditions. 


3a:- 


-2.y = 


:15 • 


(1) 


Also, 


(2), 


y + 


10 :x- 


-15:: 


7:3 


(2) 


From 




3y + 30 = 


:Ta;— 105 


(3) 


Or, 






1x- 


-8y = 


:136 


W 
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t 
Multiplying (4) by 2, Uar — 6y = 2T0 (5) 

Multiplying ( 1) by 3, 9 a: — 6 y = 45 (6) 

Subtracting (6) from (5), 5 a: = 225 (7) 

Whence, a; = 45 (8) 

Substituting in (1), 135 — 2^ = 15 (9) 

Whence, 23^ = 120 (10) 

Or, y = 60 (11) 

51. Let a; = no. lbs. of powder. 

Then -— -4- 10 = no. lbs. of nitre, 

o 

X 

- — 4J = no. lbs. of sulphur, 



and — -{-— 2 = — — - = no. lbs. of charcoal. 



Therefore, ^-+ 10 + |- 4J + |f -^y = ^ 

Mult, by 42, 28a: + 420+Ta: — 189 + 4a: — 24 = 42a: 
Transp. and uniting, — 3 a: = — 201 

Dividing by — 3, ar == 69 

52. Let X = increase in razors, per dollar, 

and y = increase in knife-blades, per dollar. 

Then 5 a* -|- 5 y = whole increase in value. 



Therefore, 


5a: + 5y+10 = 444 


(1) 


Also, ^ 


a^ + ¥y+10 = 4U 


(2) 


Transp. and uniting in (1), 


5ar + 5^^ = 434 


(3) 


Multiplying (2) by J, etc.. 


10x + 5y = 696 


(4) 


Subtracting (3) from (4), 


5 a; = 262 


(5) 


Dividing by 5, 


X = 52.40 


(6) 


Substituting (6) in (3), 


262 + 5y = 434 


0) 


Transp. and uniting, 


6^^=172 


(8) 


Dividing by 5, 


y = 34.40 


(9) 


53. Let a: = 


■ number of men. 




and y = 


: number of widows. 





22 
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Then, 
Also, 



8a; + 3y=110 + l 

H-" + V' = iio-i 



Clearing (2) of fractions, etc., 13 a: + 21y = 651 

Multiplying (1) by 7, etc., 21 a: + 21y = 177 

Subtracting (3) from (4), 8 a: = 120 

Dividing by 8, x= 16 

Dividing (1) by 3, a: + y = 37 

Substituting value of a:, 15 -|- y = 37 

Whence, y = 22 



(1) 
(2) 

(3) 

(5) 
(6) 

a) 

(8) 
(9) 



Let 

and 



64. 

Then, 
Also, 

From (1), 
From (2), 

Subtracting (4) from (3), 

Substituting in (3), 

Whence, 

Adding (7) and (5), 

Hence, 



X = the third digit, 
y z= the fourth digit, 
a: + y = the second digit 

(1) 

(2) 

(3) ■ 
(*) 

(5) 
(6) 
0) 
(8) 



1+^ 


t + y+(x 


+y)_ 


'X 

y 






3 
l + (x 


+ #)_ 






4 








X- 

x- 


-2y = 
-3y = 


1 


1 



y=2 

a: — 4=1 

a: = 5 

a:+y = 7 

1752 = the number. 



65. Let 



X = time required by one cow, 
2 X 40 = 80 = time required by one horse. 



Then, 



-^+1 = 1 



Transp. and uniting, 
Whence, 

56. Let 
Then 



X 

4 



10 

J_ 

i~80 
a: = 320 



X = number of sheep bought. 



94 



— = cost of each. 
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and — - — = number sold. 

4 



Therefore, ~ X —ir- = 20 

Clearing of fractions, 94 a: — 658 = SOx 

Transposing and uniting, 14 a; = 658 

Dividing by 14, x = 47 

6T. Let a; = the number of coins. 

Then \^x — 130 = no. in a side of first square, 
and Vx — 3l = no. in a side of second square. 

Hence, Vx — 130 + 3 = Vx^^^^^ 

Squaring, a: — 130 + 6 Vx — 130 + 9 = a: — 31 
Transposing and uniting, 6 \^x — 130 = 90 
Dividing by 6, Vx — 130 = 15 

Squaring, ' a: — 130 = 225 

Whence, x = 355 

Note. Radicals may be avoided thus : Let x and ar + 3 represent the 
number of coins on a side of each square, and x* + 130 = (a; + 3)' + 31, 
whence j: = 15, and x* + 130 =« 355. 

68. Let X = distance traveled. 

Then —•=--= no. revolutions of fore wheel, 

X S X 
and -- = —- = no. revolutions of hind wheel. 

7J 57 

Therefore, ij — |5 = 2000 

Multiplying by f , f - if = 1^^^ 

Clearing effractions, 19 a? — 14 a; = 199500 
Uniting terms, 6 ar = 199500 

Dividing by 20, x = 39900 

39900 ft. = 13300 yds. = TJ m. 100 yds. 
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59. Let X = the thickness, 

6 ar = the height, 
and 40 a; = the length. 

Then a; X 6 a? X 40 a; = 200 ar« = the contents. 



Hence, 200 ar* = 5400 

Dividing by 200, a:» = 27 

Evolving, a: = 3 

Whence, 5 a; = 15 

Also, * 40 a: =120 



60. Let 2 a: = the whole number. 

• Then a-* = no. for Gulf of Mexico, 

7 7 X 

and - X 2 a: = -r = no. for Pacific coast. 

o 4 



Therefore, ar* + ^ + 8 = 2a: 

Clear, of fract./ 4a:^ + ta: + 32 = 8a: 

Whence, a: — 4 ar* = 32 

Coqapl. square, x — 4 a:' + ^ = 36 

Evolving, a;i — 2 = ± 6 

Whence, a:* = 8, or — 4 

Squaring, a: == 64, or 16 

Multiplying by 2, 2 a: = 128, or 32 

Note. The fractional exponent can be ayoided by assuming 2x' for 
the whole number. 

61 . Let 3 ar = A's quota, 

and 6 a; = B's quota. 

7 S5 ar 

Then - x 5 a: = - - = C's quota. 



Therefore, 3 a: + 5 a: + -|^ = 594 

o 

Clearing of fractions, 24 ar + 40 a: -f- 35 a: = 4T52 
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Uniting terms, 
Dividing by 99, 
Whence, 
Then, 

Also, 



99a: = 4T52 

ar = 48 
^3x=144 
6 a: = 240 
85 a: 
"8" 



= 210 



NoTB. The above problem may also be solved with either two ot 
three nnknown quantities. 



62. Let 
and 

Then 

and 

Therefore, 

Also, 

From (1), 
From (2), 
Multiplying (3) by 5, 

Subtracting (4) from (5), 
Dividing by 13, 
Substituting in (3), 
Whence, 



ar =: no. acres pasture, 
y = no. acres arable land. 

-— - = rent of x acres pasture, 

3 y = rent of y acres arable land. 

(1) 



(2) 

(3) 
(*) 
(5) 

(6) 

a) 

(8)- 
(9) 



63, 

Then, 
and 



Let 
and 



y — X 


= 390 
: :5:1 


bx — Zy 
5a;+10y 


= 260 
= 
— 1300 



13^=1300 
y=100 
a; + 200 = 260 
a; = 60 



Multiplying (1) by 2, 
Multiplying (2) by 3, 

Subtracting (3) from (4), 
Dividing by 25, 



X = price of tea, 
y = price of coffee. 

97+T7=300 (1) 

6a: + 13y = 300 (2) 

18 x+ 14^ = 600 (3) 

18 a: + 39^ = 900 (4) 

25^ = 300 (6) 

y = \2 (6) 



22* 
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Substituting in (1), - 9ar + 84=300 (t) 

Whence, a; = 24 (8) 

64. The distances form a series in arithmetical pro- 
gression, in which n = 200, e? = 2 X 2 ft. = 4 ft., and 
a = 20 X 2 X 3 ft. = 120 ft., to find S. 

l=:a+ (n— l)rf=120 + 199X 4 = 120 + T96= 916 
,S'=Jn(a + /) = 100 X (120 + 916) = 103600 
103600 ft. = m^i^ miles = 19 H miles. 

65. By Art. 337, ^^ + "> + ^' ""^^ = ^ = 1, Ans. 

66. The successive crops form a series in geometrical 
progression, in which a = 1 peck == J bushel, n = 5, 
and / = 12666 J, to find r. 

Equa. (5), Art. 346, r= Q^'= (i?|^)^= (60625)*= 15. 

i /27\i 



"• '=(r=Q =(¥) =5 



68. Let X = the number of trees. 
Then \^x — 11 = no. in a side of first square, 
^^^ s/x -|- 24 = no. in a side of second square. 

Hence, Va:— 11 + 1 = ^^+^24 

Squaring, a? — 11 -f 2 s/x — \\ + 1 = a: + 24 
Whence, \/x — 11 = 17 

Squaring, x — 11 =: 289 

Whence, x = 300 

(See Prob. 57, Note.) 

69. Let X represent the number of minute spaces passed 
over by the minute-hand after 1 o'clock, in order to 
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be just 1 minute space behind the hour-hand ; or, in other 
words, let x represent the distance of the minute-hand 
from the 12 mark at the required time. At 1 o'clock the 
hour-hand is 6 minute spaces from 12, and while the min- 
ute-hand moves over x spacA, the hour-hand must pass 

over — ; hence, 5 -J- — will represent the distance of the 

12 12 

hour-hand from the 12 mark at the required time. 

Then, 5 + ^-x = l 

Clearing effractions, 60-|-a: — 12a: = 12 

Whence, 11 a: = 48 

Or, a? = 4 A 

Again, let y represent the time past 1 o'clock when the 
minute-hand is just 1 minute space ahead of the hour-hand. 

Then, y_^5+f2) = l 

Clearing of fractions, . 12 y — 60 — y = 12 
Whence, lly=T2 

Or, y = 6A 

TO. Let ^ = the smaller number, 

and aj ~|- 1 = the larger number. 

Then, (x + ly — x" = 16 

Or, x' + 2x+l—x' = lb 

Whence, 2 a: == 14 

Dividing by 2, x=1 

Adding 1, ar -f 1 = 8 

Note. If wo employ two unknown qnaptities, then x* — y* = 15, and 
X — y = 1 ; whence, dividing one by the other, a: -f- y = 16, and we then 
have the sum and difTerence given. 

Tl. Let a; (a; + 1) (ar + 2) = the number. 

Then, (a:+l)(a: + 2)+a:(a! + 2)4.a:(a;+l)=47 

Or, x'+Sx + 2-\-a^ + 2x + x^ + x = 4:1' 

Uniting terms, 8 ar* -f- 6 a; = 45 
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Dividing by 3, a:^ + 2a?=15 

Completing square, a^'\-'2x'\-l = 16 
Evolving, a: 4" 1 = i ^ 

Whence, a; = 3, or — 6 

Then, a:(a:+ 1) (a:^- 2) = 3X4X5= 60 

*12, Let X = the number of years. 

Then, 39 + a: = 3 (a: + IT) 

Or, 39 4-a: = 3x + 61 

Whence, — 2a:.= 12 

Dividing by — 2, x = — 6, Ans. 

The negative result shows that the gentleman was three 
times as old as his son 6 years ago, (Art. 180.) 

T3. Let X = rate in still water. 

Then a: -(- 2 = rate down river, 

and ^ — 2 = rate up river. 

7 
Also3^-^(a;-f-2)= , = time req. to row down, 

7 
and 3J -t- (x — 2) =— — — - = time req. to row back. 

Therefore, 2^ + 2^=^* = ^ 

Clear, of fract., 21 (2ar — 4) +21 (2a; + 4) = 5 {4:X^— 16) 

Or, 84a: = 20ar*— 80 

Whence, sc^ — 4^J x = 4 

Completing square, x^ — f 8 a: + Hi = iii 

Evolving, a: — f i = ± f J 

Whence, a; = 6, or — f 

T4. Let X = the greater number, 

and y = the less number. 

Then, x + y = 9ix — y) (1) 

and ary.= 12- + a: (2) 



. Dividing (2) by a:, y = ^^i (3) 
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Whence, y^ — y = 12 
Completing square, y^ — y + i = ^ ' 
Evolving, ^_j=± J 
Whence, y = 4, or — 3 
From(l), 10y = 8a: 
Or, 4a:=6y 
Substituting value of y, 4 a; = 20, or — 15 
Dividing by 4, x = 5, or — J^^ 


(4) 
(6) 
(6) 
0) 
(8) 

(9) 
(10) 

(11) 


76. Let 

and 
Then • 


X = distance A has traveled, 
y = distance B has traveled, 
a? + y = the whole distance. 


Also, 


1 = A's rate per day. 


« 


and 


- = B's rate per day. 




Also, X -«- 


J = y = A's time. 






and y -=- 


f = -^/ = B'stime. 


(1) 
(2) 




Therefore, 
and 


a: — y = 30 
4x 9y 




Clearing (2) effractions. 
Evolving, 


4ar* = 9y3 
2a; = 3y 


(3) 




Whence, 


-¥ 


(5) 




Substituting (5) in (1), 
Whence, 




(6) 

a) 




Substitutinsr hi ^5^. a; = 


= 'X^°-90 


(8) 
(9) 




Hence, a; -|- y = t 


-2 ^" 
30 + 60 = 150 




76. Let 
Then, 

Dividing by a: -f- 
Evolving, 


X = the number, 
a? + a:» = 9 (a; 4- 1) 
1, ar' = 9 

3; = 3 







Therefore, 
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*l*l. Let X = original number of men. 

Then (60 — 20) a; = 40 a: = no. lbs. bread left, 

X — '6 = no. of crew after storm, 

and .,. , „ ,V7 r; = z — —tk = reduced daily allowance. 

(40 -j- 24) (x — 5) 8x — 40 '^ 

' 6x _5 

8X-— 40 7 
Clearing of fractions, 35 x = 40 a: — 200 

Whence, 6 a; = 200 

Dividing by 5, a: = 40 

18. Let X = no. gallons from one, 

and 14 — x = no. gal. from other. 

12 2 X 

Then ^^ , ,^ x x = —- = no, gal. wine from 1st, 

12 -|- 18 5 

and . X (14 — x) = T' = no. gal. wine from 2d. 

mu r 2a; , 3(14 — a;) ^ 

Therefore, — H — ^^— j ^ = 1 

Clearing effractions, 8x4* 210 — 15 x = 140 
Whence, 7 x =: TO 

Dividing by 7, x = 10 

Then, 14 — x = 4. 

NoTB. If two unknown quantities be employed, then either two of 
the three equations, x + y = 14, -g- + — ^ = 7, and — + | = 7 may 

be employed. It will be seen that the second represents the amount of 
wine and the third the amount of water, while the first represents the 
whole amount drawn, and is equivalent to the sum of the second and 
third. 

79. Let X = no. hours req. by the first, 

and X -|- 2 = no. hours req. by the second. 



M ^ - 


1 8 


X ^ x+2- 


" lj~i5 



Then, 

Clearing of fractions, 15x-j-*30 -f-15x = 8x^-|-l^* 

Whence, 8 x^ — 14 x = 30 

Completing square, x^ — J^x-|-|f= W 
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Evolving, * X — J = ± jyt. 

Whence, ar = 3, or — ^ 

Adding 2, a: + 2 = 5, or f 

■ Note. If we use x for the second and y for the first, we shall have 
the two equations x — y = 2, and ar-i + y^ = ^. The latter repre- 
sents the fractional parts of the work done in one day. 



80. Let 






x = 


: the first number. 










y = 


: the second number. 


and 






« = 


: the third ni 


imber. 




Then, 


1+ 


■- + - = 


:9 


(1) 






' 


- + - = 


:13 




(2) 


and 




8a 


: + iy = 


:5 




(3) 


From (3), 




f/ ~-~ 


6 — 8a; 


W 


y — 


3 


Substituting in 


(2), 


1 + 


9 


:13 




(5) 


5 — 8a: 


Clear, of fract.. 


10 


— 16a 


r + 9ar = 


:65 a: — 104 a:^ 


(6) 


Whence, 




104 ar" 


— nx = 


:— 10 




(t) 


Dividing by 104 


=> 


«» 


-if^= 


= -* 




(8) 


Compl. square, 


ar»- 


-il=« 


+ ^v^= 


' ^A 




(9) 


Evolving, 




a: — A = 


= ±2V 






Whence, 






« = 


= i, or^ 






Substituting in 


w. 




11 —— 


5—4 5 


3 




y — 


• 3 ,or 




Eeducing, 






y = 


:*,or-tJ 






From (1), 






1 __ 

z 


--a+i 


;) 




Subst. values of a: and y, - = 


= 9— (2+3),or9- 


-d+H) 


Or, 






1 __ 

z 


= 4,or- 






Whence, 






Zz=. 


= iortt 






81. Let 2x 


= each child's share, 


after paying 


rduty 


# 



and a: = each brother's share, after paying duty. 
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As the legacy duties are one and three per cent, the 

children would receive 99 per cent, and the brothers 97 

per cent, of their original shares. 

200 X 
Then 2 a; -5- .99 = -gg— = each child's share before 



paying duty. 

nd a: -4- .97 = 

paying duty. 



and a: -4- .97 = —^ = each brother's share before 



Therefore. 6 (?^) + 3 (i^^) = 126t0 

Clear, of fractions, 97000 a: + 29700 a: = 121670010 
Or, 12670x= 12167001 

Whence, x = 960.30 

Multiplying by 2, . 2 a: = 1920.60 

82. Let X = digit in ten's place, 
and y = digit in unit's place. 
Then 10 a: + y = the number. 

From the conditions, 10 a: + y = 3 (a? -f- y) (1) 

Also, 8(10a;+y) = (a; + y)« . (2) 

Dividing (2) by (1), 8 = "^ (3) 

Or, a: + y = 9 (4) 

Multiplying by 2, 2 a: + 2 y = 18 (6) 

From (1), 7ar — 2y = (6) 

Adding (6) and (6), 9x^18 (7) 

Whence, a: = 2 (8) 

Substituting in (4), 2 ~|- y = 9 (9) 

Or, y = 7 (10) 

Hence, 10a:-|-y = 27 (11) 

83. Let 12 a; = the distance each travels. 
Then x = number of days B travels, 
and a: + 6 = number of days A travels. 

Also, a: + 5 = distance A travels during last day. 
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Wethenhave, a=l, / = a?-)-6, n = ar-|-6, and 5= 12a?. 
Hence, 12a; = J(a; + 6) (1 -f-a: -f- 6) 

Clear, of fract., etc., 24a? = (a: + 6) (ar + 6) 

Or, ^ 24a? = a:2+lla: + 30 

Whence, x^—lSx = —20 • 

Compl. square, ar» — 13 ar + J-|a = ^ 
Evolving, X — -^ = ± J 

Whence, x = 10, or 3 

Multiplying by 12, 12 ar = 120, or 36 

At first B travels more rapidly than A, and therefore B 
overtakes A when one has been traveling 3 days, and the 
other 8, each having traveled 36 miles. As A travels 
one mile faster each day, he soon travels more than 12 
miles a day, and consequently A overtakes B v^hen one 
has been traveling 10 days and the other 15, each hav- 
ing traveled 120 miles in all, or 84 miles in the 7 days 
since they were together before. A is now ahead, as 
when they first started ; but he continues to travel more 
rapidly than B, and consequently they can never be to- 
gether again, if they travel in a straight line. 

84. Let X = am't drawn each time. 

Then 256 — a: = am't of vinegar left, 1st time, 

256 -^ X 
and = am't vinegar in 1 gal., after filling. 

/'256 xV 

^ ,g ^ = am't of vinegar left, 2d time, 

/'256 x)* 

^ (256^ ^^ ^°^'* vinegar in 1 gal., after filling. 

(256^ ^^ ^™^'* of vinegar left, 3d time, 

(256^^ ^^ *™'* of vinegar left, 4th time. 

Hence "" (256 -^)* _ 

^ence, ____8i 

Clearing of fractions, (256 — ar)* = 81(256)' 

23 
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Evolving, 256 — a: = 8 (4)« = 192 

Whence, a: = 64 

85. In the arithmetical progressioo there are given 
a = 4, d=l, and 5= 5360^ to find n. 

2S-^2an 



Equation (6), Art. 336, rf = 



n(fi~l) 



Substituting values of letters, 1 = -^ — ^ ^ — - 

Clearing of fractions, n« — n = lOVOO — 8 n 

Or, rja -f- t n = lOlOO 

Completing square, »« + 7n + ^ = ^^f aa 
Evolving, « + f = ± ^F 

Whence, » = 100, or — lOY 

NOTB. If the yalae of n be found in tenns of the given letters, it will 
be n = -g«4^^±^Aa^a-rf)2■f6dg ^ Substituting the values of the 
given letters in this fonnula gives the same result as above. 

86. Let X = the first number, 

y = the second number, 
12 — y = the third number, 
and 14 — x = the fourth number. 



Then, E==lllZl (i) 

Also, (12 — y)— y = (14— x) — (12— y) (2) 

From (1), 12x^xi/ = y^ (3) 

From (2), 2 (12 — y) =y + 14 — a: (4) 

Or, a; = 3y— 10 (6) 

Subst. (6) in (3), 36y— 120 — 3y^4- lOy = y« (6) 

Or, 4y» — 46y = — 120 (1) 

Dividing by 4, ^ _ :^ ^ = _ j.p (8) 

Complet. square, y^ _ i^ y -|- ^^ = :^| (9) 
Evolving, y — \1 = ± J 
Whence, y = -i^, or 4 
Substituting in (5), x = ^^ — 10, or 12 — 10 
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Reducing, 




X = V , or 2 


Then, 




12 — y = 12 — -1/, or 12 — 4 


Beducing, 




12 — y = |, or 8 


Also, 




14 — a: = 14 — V^, or 14 — 2 


Reducing, 




14 — a? = J, or 12 


8?. Let 




X — y = the first number, 
X = the second number, 


• and 




a: + y = the third number. 


Then, (a: — 


-y)+«+(^+y) = 15 (1) 


Also, 




a; — y+1 a: + 4 ^^^ 


From (1), 


3ar=15 (3) 


Or, 




a.= 5 (4) 



Substituting (4) in (2), gJ-^ = ^ii^ (5) 

Clearing (5) of fractions, 81 = 144 — 18y — ^ 
Or, 3^+18y = 63 

Compl. square, y» + 18y + 81 = 144 
Evolving, y + 9 = ± 12 

Whence, y = 3, or — 21 

Then, a; — 5^ = 6— 3 = 2 

Also, a:4-y = 5 + 3 = 8 

88. Let X = A's number of acres, 

and y = B's number of acres. 

Then — = A's price per acre, 

and — = B's price per acre. 

Therefore, ar + y = 200 (1) 

AT ^^^ 200 8 ,^. 

Also, = 7 (2) 

Caearing (2) of fractions, 800y — 800 a? = 3 a;y (3) 

From (1), y = 200 — a: (4) 

Sub. (4) in (3), 160000— 800« — 800a: = 600x — 3ar* (6) 



4-: 
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Or, 3x« — 2200 a? = — 160000 (6) 

Dividing by 3, aJ_A;yiiia: = — A£i>^»^ (?) 

Compl. square, a? — it^ x + (-u^^)' = -^^V^o 
Evolving, a: — -Ljyi^ = ± -4^ VfS 

^, 1100 ± 100/78 1100 ± 854.4003 

Or, a: = 651.467, or 81.867, nearly. 

Substituting in (4), y = 200 — 81.86? = 118.133 

???^J00^^ 2.443 

X 81.867 ***** 

200 _ 200 _ 

"7 ~ 118338 — ^-^^^^ 

NOTB. The greater value of x, 651.467, is rejected because it is greater 
than the whole number of acres, and therefore gives a negative value for 

y. The exact values of the bst three quantities are y = — 600 qp^lOO v^78 ^ 

200 6 11 T >/73 ,200 6 5 X -^78 . 

— 8=3 J— = — ~ , ana -. — saa j^ ss — !_ in 

« ll±'/73 8 ' y —6:^^78 » 

which the lower ngn of both ± and :^ must be used, in order to give 

positive results. 

89. The first point to be settled is the meaning of 
the expression "B received 38. 9d. less than he other- 
wise would have done." It is not 3s. 9d. less than he 
would have received had the work been completed in 
5 days without C's assistance, but so much less than 
he would have received had A and B worked at the 
same rate that they actually did work, and taken more 
than 5 days to complete reaping the field. 
Let X = the time required by B to reap the wliole field, 
and y = the time required by to reap the whole field. 

Then t, -, and - represent the fractional parts of the 
^ X y 

whole field reaped by each in one day, an4 g, -, and - 

represent the whole amount done by each. 

Hence. 5 + 5 + ! = i (i) 
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2 180 

C receives - of 90s., or — . If had not been 

y y 

180 

employed, this — would have been divided between A 
and B in proportion to the amount of work done by 
each, that is, in proportion to - and -. But B's share 

X 



of C's wages would have 


been 3s. 9d., or ^s. ; 


hence 


A's would have been 


180 

y 


15 
4- 




Therefore, 


V 


180 15 15 _ 1 1 
y 4 • T • • 9 • a; 


(2) 


Or, 




180 15 5 
xy 4x 12 


(3) 


Dividing by 6, 




86 8 _ 1 
xy 4x 12 


(*) 


Clearing of fractions. 




432 — 9y==ary 


(5) 


From (1), 




x^y 9 


(6) 


Clearing effractions. 




45y+18a; = 4a?y 


0) 


Whence, 




^_ 45y 
^ — 4y — 18 


(8) 


Substituting (8) in (6), 




"^-»» = iT-'".. 


(9) 



Clearing of fract., 1890y— 36^* — 7776 = 46y« (10) 

Or, 8iy»-^1890y== — 77?6 (11) 

Dividing by 81, y8 — J^ y = — 96 (12) 

Completing square, f—^y + (¥)' = H^ (13) 

Evolving, y—^=±-^ (14) 

Whence, y = 18, or 6^ 

o 1^ ... .. . ,«v 45 X 18 46 X 51 

^ Substitutmg m (8), a? = 72-^18 , or ^rZTiI 

Reducing, x = 16, or ?2 

The roots 12 and 5^ would answer the conditions of the 
problem were not C called " an xnferufr workman.'' They 
would make B an extremely poor workman, and a better 
workman than A. 

23* 
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90. Let X = the number of workmen, 

y = no. lbs. each carried at a time, 
and n = no. loads each carried per hour. 

Then Snxy = whole no. lbs. of stone. 

Therefore, 7 n (a? + 8) (y — 6) = 8 n a?y (1) 

Also, 9n(a?— 8) (y+ll)=8nary (2) 

From (1), 7 ary + 66y — 36a? — 280 = Sxy (3) 

From (2), 9xy — 72y + 99a? — 792 = 8a:y (4) 

Adding (3) and (4), — 16y + 64x— 10T2 = (5) 

Dividing by — 16, etc., y = 4a? — 6t (6) 

Subst. (6) in (3), 66(4a:— 67)— 86a:— 280=a:(4a:— 67) (7) 
Whence, 4 a:* — 266 a: = — 4032 (8) 

Dividing by 4, a:* — 64 a? = — 1008 (9) 

Completing square, a? — 64 a? +1024 = 16 (10) 

Evolving, » — 32 = ± 4 (11) 

Whence, x = 38, or 28 

Substituting in (6), y = 144 — 67, or 112 — 67 

Whence, y = 77, or 46 



THE END. 
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